THREE-FOLD DIVISORIAL CONTRACTIONS TO 
SINGULARITIES OF HIGHER INDICES 



MASAYUKI KAWAKITA 



Abstract. We complete the explicit study of a three-fold divisorial 
contraction whose exceptional divisor contracts to a point, by treating 
the case where the point downstairs is a singularity of index n > 2. We 
prove that if this singularity is of type cA/n then any such contraction is 
a suitable weighted blow-up; and that if otherwise then the discrepancy 
is 1/n with a few exceptions. Every such exception has an example. 
Some exceptions allow the discrepancy to be arbitrarily large, but any 
contraction in this case is described as a weighted blow-up of a singular- 
ity of type cD/2 embedded into a cyclic quotient of a smooth five-fold. 
The erratum to the previous paper 14 is attached. 
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1. Introduction 

The minimal model program has been formulated to generalise the theory 
of minimal models of surfaces to higher dimensional varieties, see |18j and 
|2U| . For a given variety with mild singularities, it produces a good variety 
after a finite sequence of elementary transformations called divisorial con- 
tractions and flips. Since Mori completed this program in dimension three 
by proving the existence of three- fold flips in J2S]) we have hoped the ex- 
plicit study of three-folds to strengthen our grasp of the theory of minimal 
models in higher dimension as well as three-folds themselves. In this paper, 
we complete the explicit study of a three-fold divisorial contraction whose 
exceptional divisor contracts to a point, after my previous works |12j . |13j 
and |14j based on the assumption that the target space is Gorenstein. We 
work in the complex analytic category. 
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The minimal model program has to work in a category of varieties with 
mild singularities to avoid problems caused by the existence of small con- 
tractions. Reid has introduced the notion of terminal singularities to meet 
this requirement in We say that a normal variety X has at worst ter- 
minal singularities if X is Q-Gorenstein and if every exceptional divisor has 
positive coefficient in the discrepancy divisor Ky — f*Kx for a resolution 
of singularities f:Y—>X. Divisorial contractions are defined in the cat- 
egory of varieties with terminal singularities. Let /: Y — > X be a proper 
morphism with connected fibres between normal varieties with at worst ter- 
minal singularities. We say that / is an elementary contraction if —Ky is 
/-ample, and a divisorial contraction if moreover the exceptional locus of / 
is a prime divisor. 

We let / : Y — ► X be a three-fold divisorial contraction. There exist two 
ways to study /, one starting from Y and the other from X. The former 
approach is standard in the context of the minimal model program. Mori 
classified them in the case where Y is smooth in [22] , and Cutkosky extended 
this result to the case where Y is Gorenstein in [2] . The work [22] of Mori has 
become the foundation of the modern study of three-folds. He proved the 
cone theorem in original form and applied it to constructing an elementary 
contraction from a smooth three-fold whose canonical divisor is not nef. On 
the other hand, the latter approach has turned out to be effective when 
Y is fairly singular. It is natural to regard / as an extraction from X 
in view of Sarkisov program, a program which factorises a birational map 
between Mori fibre spaces, because Sarkisov links of types I and II in this 
program start from the converse of divisorial contractions, see 0, [7] and [S]. 
Inspired by Sarkisov program, we have again recognised the importance of 
the explicit study of three-fold divisorial contractions. In the case where the 
exceptional divisor E contracts to a curve, / is if exists uniquely determined 
by the structure of f(E) C Y, and we can also apply the results ^5] and 
|25| on flipping contractions. Note the results [3"2 and |33j of Tziolas in this 
direction. Our object is a divisorial contraction / for which E contracts to 
a point. 

From now on, we let 

/: (Y D E) - (X 9 P) 

be a germ of a three-fold divisorial contraction whose exceptional divisor E 
contracts to a point P of index n. The index n is defined as the smallest 
positive integer such that nKx is Cartier. We let a/n denote the discrepancy 
of /, which is defined by the relation Ky = f*Kx + (a/n)E. Kawamata 
proved that / is a certain weighted blow-up determined uniquely when P is a 
terminal quotient singularity in ^2] , and Corti proved that / is the blow-up 
when P is an ordinary double point in 6j. I systematically studied / in the 
case where X is Gorenstein in after the classification results ^2] and 
|13j . I described them when P is a cA point, and bounded the discrepancy 
by three when P is a cE point. Unfortunately one case has been omitted 
in |14j when P is a cD point, the correction to which is supplied at the end 
of this paper. In this paper we treat the case where X is not Gorenstein to 
complete the study of /, and deduce the following classification theorem. 
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Theorem 1.1. Let f : (Y D E) — > (X 3 P) be a germ of a three-fold 
divisorial contraction whose exceptional divisor E contracts to a point P of 
index n>2. 

(i) If P is of type cA/n {see Section® for definition), then there exists 
a suitable identification 

PeX^oG ( Xl x 2 + g(x%,x 4 ) = 0) cCj 1W4 /i(l, -1,6,0) 

such that f is the weighted blow-up with weights wt(a;i, X2,x^, x^) = 
(ri/ra, r 2 /n, a/n, 1) which satisfies the following conditions. 

(a) a = br\ modulo n and r\ + r 2 = modulo an. 

(b) (a — br\)/n is co-prime to r\. 

(c) g has weighted order (n + r2)/n with weights wt(iC3,X4) = 
(a/n, 1). 

(d) The monomial x^ 1+ ^ a appears in g with non-zero coefficient. 
Moreover, any such f is a divisorial contraction. 

(ii) If P is of type other than cA/n, then the discrepancy a/n is 1/n 
except for the cases listed in Table ^ Moreover, there exists an 
example of f in every case in Table ^ see Examples 15.21 15.61 15.71 
ET5I and rrri 

Table I. 



p 


a/n 


cD/2 


1 


cD/2 


1 


cD/2 


2 


cD/2 


a/2 


cD/2 


a/2 


cE/2 


1 



singularities on Y at which E is not Cartier 



one point 277(1, —1, r' + 2), r' odd, r' 7^ 1 
one point deforming to 2 x 2^7(1, — l,r' + 1), r 1 even 



one point 



2r' 



[l, -1, r' + 4), r' = ±1 modulo 8, r' ^ 1 



two points ±(1,-1, ^±1), ^(1,-1,^^+1+2), Qjr odd 



two points 1(1,-1, S±L), ^(1, 
two points 1(1, 5, 5), 1, 1) 



q+r+4 



) , a + r even 



We can consult the works JO] and of Hayakawa when / has discrep- 
ancy 1/n in the exceptional case (juj) of Theorem ll.il He studied the divisors 
with minimal discrepancy over a three-fold non-Gorenstein terminal singu- 
larity in detail. On the other hand, the discrepancy a/n is arbitrarily large 
in the cases in the fourth and fifth lines of Table ^ It is desirable to provide 
the explicit description of / in these cases. 

Theorem 1.2. Let f be a germ of a three-fold divisorial contraction to a 
point P of type cD/2 with discrepancy a/2 > 1/2. 

(i) If f belongs to the case in the fourth line of Table ^ then there 
exists a suitable identification of P € X with 

o G (cj) '■= x i + Xi%3Q(%3i £4) + X2X4 + Xx2xl a ~ 1 + p(x\, X4) = 0) 

in the space C XlX2X3X4 /^(l, 1,1,0), such that f is the weighted blow- 
up with weights wt(xi, X2, #3, X4) = ((r + 2)/2,r/2, a/2, 1) which 
satisfies the following conditions. 
(a) a, r are odd and a \ r + 1. 
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(b) has weighted order r + 1 with the weights distributed above. 
Its weighted homogeneous part of weight r + 1 is irreducible. In 
fact xix^q has weighted order r + 1 unless q = 0. 
(ii) // / belongs to the case in the fifth line of Table Q then there exists 
a suitable identification of P £ X with 

( 0i := x\ + x 2 x 5 + p(x% x 4 ) = \ 

° G J. , (r+2)/a . , 2 \ 1 n 

\ (^2 := 2:2^4 + 4 + qix^XijXsXi + x 5 = / 

in i/ie space C| lX x j. ^ 1, 1, 0, 1), such that f is the weighted 

blow-up with weights wt(x\, X2, X3, X4, x$) = ((r+2)/2, r/2, a/2, 1, (r+ 
4)/2) which satisfies the following conditions. 

(a) a I r + 2 mi/i + 2 anc? (r + 2)/a is odd. 

(b) 0i /ias weighted order r + 2 wii/i i/ie weights distributed above. 
Similarly 0x3X4 /ias weighted order (r + 2)/2 unless q = 0. 

Although Theorems 11.11 and 11.21 are the strongest statements, we em- 
phasise that they are intrinsically obtained as corollaries to the conceptual 
Theorems 11.31 and 11.41 explained below. In contrast to the Gorenstein case, 
the discrepancy a/n is no longer an integer. The annoying problem is that a 
and n may have a common divisor g, and consequently there may exist a nu- 
merically trivial but linearly non-trivial Q-Cartier divisor {n/ g)KY — {a/ g)E. 
This phenomenon really happens as indicated in Theorem ll.il but we can 
still expect the co-primeness of a and n by observing the weights of semi- 
invariant coordinates of the index-one cover of a three-fold terminal singu- 
larity. We prove this co-primeness with the exceptions listed in Table^when 
/ is of exceptional type. 

Theorem 1.3. Let f : Y — > X be a three-fold divisorial contraction whose 
exceptional divisor contracts to a point of index n, and a/n the discrepancy 
°f f ■ If f i s °f exceptional type {see Section^ for definition), then a is 
co-prime to n except for the cases in Table ^ 

The main theorem in is the affirmation of the general elephant con- 
jecture for a three-fold divisorial contraction to a Gorenstein point, and 
the classification is deduced from it. This conjecture has been proposed by 
Reid in j2H]. From the observation of the classification of three- fold termi- 
nal singularities by himself in [221 and Mori in |23j, he pointed out that a 
general element in the anti-canonical system, dubbed a general elephant, of 
a three-fold should have at worst Du Val singularities in appropriate situ- 
ations involving an elementary contraction. The remarkable point is that 
this approach has settled the problem of the existence of three-fold flips 
in |25j . We prove that this conjecture holds also for our divisorial contrac- 
tions. Combining the results in ^5] and |25| for the flipping/divisor-to-curve 
contraction case, we finally obtain the following theorem. 

Theorem 1.4. Let f : Y — > X be a germ of a three-fold elementary bira- 
tional contraction whose central fibre is irreducible. Then a general elephant 
of Y has at worst Du Val singularities. 
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We have positive answers |27| . |29| and jHJ also for Fano three-folds with 
mild singularities, whereas there exist counter-examples in [2| when the anti- 
canonical system has small dimension. Note the result 1_ of Alexeev in this 
direction. 

We shall explain how to prove these theorems. Our investigation of / is, as 
in the case where X is Gorenstein, founded on a classification theorem in the 
numerical sense, Theorem 12. 3| which is obtained by the singular Riemann- 
Roch formula |28[ Theorem 10.2] of Reid and a relative vanishing theorem 
|18| Theorem 1-2-5] of Kawamata-Viehweg. Theorem 12.31 classifies / into 
types according to the non-Gorenstein singularities on Y, and we use the 
dichotomy that / is either of exceptional type or of general type, following 
this theorem. It is worth while mentioning that Theorem l2.3l does not encode 
any information on the singularities on Y at which E is Cartier. This is the 
result of the fact that, because of the locality of /, we need to take the 
difference along E of Euler-Poincare characteristics in applying the singular 
Riemann-Roch formula. Although this lack of information generates larger 
number of types for / than in the Gorenstein case, it is not difficult to handle 
most of the exceptional cases. 

The method of approaching the co-primeness of a and n is simple. If a 
and n have a common divisor g, then the index-(n/g) cover (X' 3 P') — > 
(X 3 P), the covering defined by the Q-Cartier divisor (n/g)Kx, is lifted 
to the crepant covering morphism (Y' D E') — > (Y D E). The induced mor- 
phism /' : (Y' D E') — > (X' 3 P') satisfies the conditions to be a divisorial 
contraction except for the irreducibility of E', and we can apply the numeri- 
cal classification Theorem 12. 31 to /', which narrows down the possibility that 
a is not co-prime to n. Then, in most cases, Theorem 11.31 is deduced from 
the numerical analysis which uses the numerically but not linearly trivial 
divisor {n/g)Ky — (a/g)E. As seen in Corollary 12.51 and Theorem 14.11 it 
is fairly obvious that for / of exceptional type the co-primeness implies the 
equality a = 1 and the general elephant theorem. 

On the other hand, most of the study of / of general type is devoted 
to the proof of the general elephant Theorem 14.31 in strong form. In the 
case a/n > 1, we prove it by analysing the scheme-theoretic intersection 
C of E and the birational transform of a general hyperplane section on 
X, as demonstrated in J3]. This C is a (possibly non-reduced) tree of 
P 1 , and the way of the embedding of C into Y encodes the behaviour of the 
general elephants of Y. It should be emphasised that we need to keep paying 
attention to the hidden non-Gorentstein points on Y, the non-Gorenstein 
points at which E is Cartier, throughout the geometric investigation of Y. 
In the case a/n < 1, the general elephant theorem itself is obvious, but the 
complete proof of Theorem 14. 31 involves very complicated division into cases 
and delicate geometric investigation. 

We obtain Theorems 11.1 flT| ) and 11.21 on the explicit description of / by 
specifying £ as a valuation on the function field. Starting with the explicit 
description of the germ P £ X provided by Mori in [23], we find good coor- 
dinates of this germ in the sense that / must be a certain weighted blow-up 
with weights distributed to these coordinates, thanks to the general ele- 
phant theorem. These coordinates are constructed to meet the structure of 
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the graded ring i>o f*Oy(— iE)/ f*Oy(— (i + l)E) in the part of lower de- 
grees, determined by the numerical results from the singular Riemann-Roch 
formula. We are convinced that once a three-fold singularity is explicitly 
given, we can classify all the three-fold divisorial contractions to this singu- 
larity by combining this method with the singular Riemann-Roch technique 
and the general elephant theorem. The method of explicit description used 
for proving Theorem 11.21 is applied to whichever case classified in Theorem 
12.31 bv formal modification. It is enough to perform such a remaining classi- 
fication, where the discrepancy is very small, in the course of the application 
to the global study of three- folds. 

The analysis of the cases in Tabled yields interesting examples of /. In 
particular for a divisorial contraction / to a point P of type cD/2, it is 
not always true that / is described as a weighted blow-up of a hypersurface 
in the quotient space C 4 /^(l, 1, 1, 0). The description of / involves the 
identification of P € X with a cyclic quotient of a complete intersection 
three-fold in C 5 . Such a complication in the cD/2 case is recognised also in 
the study of divisors with minimal discrepancy by Hayakawa. 

The structure of this paper is as follows. In Section |5J we deduce the 
numerical classification Theorem 12.31 and some auxiliary results concerned 
with this theorem. In Section |3J we discuss the co-primeness and prove 
Theorem 11.31 except for a few cases to be treated in Section |SJ These two 
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sections are devoted to the numerical analysis, while the rest are devoted to 
the geometric analysis. The general elephant theorem is proved in Section 
|1J Most of this section is allocated to the proof of Theorem 14.31 in the case 
a/n > 1. To complete Theorems 11.31 and 14.31 we treat some remaining 
cases quite explicitly in Section OD The last two sections are devoted to 
the classification of /. In Section H3 we present the explicit description of 
divisorial contractions to points of type cA/n. In Section we complete 
Theorems II. llfli|) and 11.21 by studying divisorial contractions of general type 
to points of type cD/2. Examples for the cases in Tableware provided in 
Sections El and Finally, the erratum to the previous paper jT3j is attached 
at the end of this paper. All the corrections are made by the methods used 
in this paper. The framework of the proof of Theorems II. II 1131 II .31 and II, 41 
is summarised in the flowchart. 

I would like to thank Professor Yujiro Kawamata for his stimulating en- 
couragement. Financial support was provided by the Japan Society for the 
Promotion of Science. 

2. Numerical results 

Our study of three-fold divisorial contractions relies on the classification 
of three-fold terminal singularities. We let P £ X be a three-fold germ. 
We say that P is a cDV {compound Du Val) point if a general hyperplane 
section has at worst a Du Val singularity at P. The singularity P is said 
to be cA n , cD n , cE n {compound A n , D n , E n ) according to the type of the 
Du Val singularity on a general hyperplane section. The characterisation of 
three- fold Gorenstein terminal singularities is due to Reid. 

Theorem 2.1 ( 26 ). Let Pel be a three- fold germ. P is a Gorenstein 
terminal singularity if and only if P is an isolated cDV point. 

We then consider a three-fold non- Gorenstein terminal singularity P £ X. 
Let n denote the index of P £ X, that is, the smallest positive integer such 
that nKx is Cartier at P. Take the index-one cover ir: 
{X 3 P), which is a cyclic /U n -cover. Mori gave a precise description of 
this covering, and the classification was completed by Kollar and Shepherd- 
Barron in |211 Theorem 6.4]. 

Theorem 2.2 ( 24 ). There exists a fj, n -equivariant identification 

P»a»-oe(^0)cC^ w 

where xi,X2,x$,X4 and <f> are [i n -semi-invariant. P belongs to one of the 
types in Table El 

Reid made notable observations on the geometric aspects of a three-fold 
terminal singularity P £ X in |28| . He pointed out that a general member of 
|— Kx\ on a germ of any such singularity has at worst a Du Val singularity at 
P, and then proposed the general elephant conjecture that a general elephant 
of a three-fold should have at worst Du Val singularities in appropriate 
situations involving an elementary contraction. We repeat that a general 
elephant is by definition a general element in the anti-canonical system. We 
let Sx be a general elephant on a germ P £ X of a three-fold non- Gorenstein 
terminal singularity. Its pre-image S x := vr _1 (5x) r ed on the index-one cover 
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Table 2. 



type 


n 


9 


wt(x 1 ,x 2 ,x 3 ,x 4i ;(j)) 


cA/n 


n 


X\X 2 + g{x%,x±) 


(1, —1, b, 0; 0) b, n co-prime 


cAx/2 


2 


xl+x\ + <f>>i{x2,Xz) 


(1,M,0;0) 


cAx/4 


4 


x\ + x\ + <\>> 2 (x\, X 4 ) 


(1,3, 1,2; 2) 


cD/2 


2 


x\ + 4>>?,{x2,X ?n X A ) 


(1,1,1,0;0) 


cD/3 


3 


x\ + <j>>3(xi,X 2 ,X 3 ) 


(1,2,1,0;0) 


cE/2 


2 


x\ + xl + <f)>4(x 2 ,X 3 ) 


(1,1,1,0;0) 



is a Q-Cartier divisor, and satisfies S2 condition by |2U1 Corollary 
5.25]. Hence the covering S x — > Sx is a crepant morphism between normal 
surfaces with Du Val singularities. We reproduce the list of this covering in 
Table El 

Table 3. 



type 


covering 


cA/n 


A k -i -> 


^4fcn— 1 


cAx/2 


A 2 k-i —> 


Dk+2 


cAx/4 


A 2 k- 2 —> 


D 2 k+i 


cD/2 


Dk+i —> 


D 2k 


cD/3 


D 4 -> 


Eq 


cE/2 


Eq — > 


Ej 



Reid also noted that any three-fold terminal singularity P E X has a small 
deformation to a basket of terminal quotient singularities Pj , called fictitious 
singularities, although Mori had already observed it in This basket 

plays a pivotal role in the singular Riemann-Roch formula |28l Theorem 
10.2] of Reid. If P is of type other than cAx/4:, then any local index at Pj 
equals that at P, and if P is of type cAx/4, then one of P« has local index 
4 and all the others have local index 2. 

We return to the study of three-fold divisorial contractions. We let 

/: (YDE)^(X3P) 

be a germ of a three-fold divisorial contraction whose exceptional divisor E 
contracts to a point P of index n. We let a/n denote its discrepancy defined 
by the relation Ky = f*Kx + (a/n)E. We shall expand the numerical 
results |12l Section 4] and |141 Section 2] into our general situation. Unlike 
the case where X is Gorenstein, in general E does not generate the torsion 
part of the local class group at a point of Y. By this reason, we need to 
consider both the divisors Ky and E simultaneously. We set 

(2.1) D hj :=iK Y +jE 

for integers i, j. There exists a natural exact sequence 

(2.2) -» Oy(Aj-i) -> Oy(D lyj ) Q itj 0. 

The quotient sheaf Qij is an C^-niodule satisfying S2 condition by PUI 
Proposition 5.26]. Note that Qo,o = Oe and Q^i = wg. We set 

d(i,j) ■= x(Qi,j) = x(Oy(D hj )) - x (Oy(Aj-i))- 
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We need to extend / to a morphism of proper varieties by the algebraisa- 
tion theorems [3] and j2 ; of Artin when we regard d(i,j) as the difference 
x(Oy(Dij)) — x(OY(Dij-\)). Note that the value d(i,j) depends only on 
the class of (i, j) in Z 2 /Z(n, —a). 

We shall compute d(i,j) by the singular Riemann-Roch formula. We let 

lo '■= {Q, of type — 1, 6q)} denote the basket of fictitious singularities 

w 

from singularities on Y, and eQ for Q £ Iq the smallest positive integer 
such that E ~ eqKy at Q. Such an eg exists by ^3 Corollary 5.2]. Note 
that n = aeQ modulo tq by the global relation nKy ~ aE. By replacing 
6q with tq — 6q if necessary, we may assume that vq := eQbQ < tq/2, 
where ~ denotes the residue modulo tq, that is, k := k — [k/rQ\rQ. We set 
/ := {Q £ Io | vq ^ 0}. If a non-Gorenstein point Q on Y is of type other 
than cAx/4, then VQ i takes the same value for every fictitious singularity Qi 
from Q. If Q is of type cAx/A, then vq is either ±1, 2 or for the fictitious 
singularity Qo of index 4, and any other VQ i is respectively 1, 0, 0. 
By this notation, the singular Riemann-Roch formula implies that 

(2.3) d {i,j) = -^(z(^i + j) 2 

?3 



12 V \n 



-6(^ + l)(^ + i) + (- + 1 )(- + 2 )V 

+ — E ■ c 2 (Y) + A ii:j - 



Here the contribution term Ajj is given by Ay := Soe/ + J e Q)) where 

12r Q J^t 2r Q 

j4q(/c) is determined by k modulo tq. We emphasise that the formula (|2.3j) 
no longer encodes any information on the fictitious singularities at which E 
is Cartier. This is never the case when X is Gorenstein, but in general the 
set / does not necessarily coincide with Iq. We say that a non-Gorenstein 
point Q on Y is a hidden non-Gorenstein point if E is Cartier at Q. Note 
that the local index at any hidden non-Gorenstein point is a divisor of n by 
the relation nKy ~ aE. It is difficult to control the value of Ag(k) itself, 
but the following formulae make Aq(/c) more accessible. 

r 2 - 1 

(2.4) A Q (k + 1) - A Q (k) = — + B rQ (kb Q ), 

12r Q 

(2.5) A Q {k) + A Q (-&) = -B rQ (kb Q ), 



where 5 r (fc) := (k ■ r - k)/2r. By (|23|) and (|2~1)) . we obtain that 

(2.6) d(i + l,j)-d(i,j) = (-i+j-^-EZ + Bij-Bij-x, 

\n 2/ n 

where B itj := T,Qel B r Q ( ib Q + J v q)- 

On the other hand, the relative vanishing theorem |18l Theorem 1-2-5] 
implies that R k f Jf Oy{Di^) = for k > 1 whenever ia/n + j < a/n. In 
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particular by (|2.2[) . if ia/n + j < a/n then 

(27) H k (0 )= lf*°Y(D i!j )/UO Y (D iij -E) for k = 0, 
1 ' J 1 jJ [0 for k > 1. 

Therefore 

(2.8) d(i,j) =dim/*Oy(Aj)//*Oy(A,j - ifm/n + J<«/™- 

The elements of the Ox-module /*C , y(Djj)/ ' f^OyiDij — E) correspond to 
the effective divisors on X linearly equivalent to iKx which have multiplicity 
— {ia/n + j) along E. In particular, 



(2.9) 



d(i,j) 



!0 if < ia/n + j < a/n and (i, j) Z(n, —a), 
1 ]£(i,j)€Z(n,-a). 

We explain Q2.9|) in the case where ia/n + j = 0. Set g := gcd(a,n) and 
a = go', n = gn'. Then D n t _ a / = n'f*Kx is numerically trivial and <? is 
the smallest positive integer such that gD n i _ a ' is Cartier. We can write 
(i, j) = fc(n', —a') by some integer k if ia/n + j = 0. Then 

d(i,j) = dimO x (kn'K x )/f,OY(kn'f*K x - E), 

whence d(i,j) = 1 if and only if kn'Kx is Cartier at P, or equivalently 
G Z(n,-a). 

We classify / according to the numerical data J := {(rg, vq)}q<=i. 
Theorem 2.3. / belongs to one of the types in Table 

Table 4. 



No 


J 


{a/n)E A 


No 


J 


(a/n)E A 


1 


(6,3) 




1/2 


10 


(2,1), 


(2,1), 


(r,l) 


1/r 


2 


(7,3) 




2/7 


11 


(2,1), 


(3,1), 


(3,1) 


1/6 


3 


(8,3) 




1/8 


12 


(2,1), 


(3,1), 


(4,1) 


1/12 


4 


(4,2) 




1/r 


13 


(2,1), 


(3,1), 


(5,1) 


1/30 


5 


(5,2) 


, (2,1) 


3/10 


14 


(r,2) 






4/r 


6 


(5,2) 


, (3,1) 


2/15 


15 


(n,i) 


, (r 2 ,l 


), n. < r 2 


l/n + l/r 2 


7 


(5,2) 


, (4, 1) 


1/20 


16 


(r,l) 






1 + 1/r 


8 


(6,2) 


, (2,1) 


1/6 


17 









2 


9 


(7,2) 


, (2,1) 


1/14 













Proo/. d(l,0) - d(0,0) 
have 

-1 : 



-1 by (H2J). Applying (HSJ for = (0,0), we 
Qel 



■2\n ) ^ 2r Q 
All the possibilities of J satisfying this equality are listed in Table 0J q.e.d. 



We divide No 15 in Table |1] into cases for convenience. We say that / is of 
No 15', No 15" if J comes from one, respectively two non-Gorenstein points 
on Y. No 15' is further divided into two cases: No 15'a if J = {(r, 1), (r, 1)}, 
and No 15'b if J = {(2, 1), (4, 1)}. We say that / is of exceptional type if / 
is of No 1-14, 15' or 17, and of general type if / is of No 15" or 16. 
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We shall present some auxiliary results based on the singular Riemann- 
Roch formula and the relative vanishing theorem. We let R denote the 
least common multiple of all the tq for Q € /, and R* that of all the 
r Ql gcd (tq,vq) for Q el. 

Lemma 2.4. R*E 3 and (a/n) 2 RE 3 are integers. 

Proof. By d(0,R* + j) - d(0,j) = (j + (R* - a/n - 1)/2)R*E 3 . Thus 

R*E 3 is an integer. By (d(R + i + l,j)- d(R + i,j)) - (d(i + l,j) - 

d(i,j)) = (a/n) 2 RE 3 . Thus (a/n) 2 RE 3 is an integer. q.e.d. 

The following is an easy corollary to Lemma 12.41 

Corollary 2.5. Suppose that f is of exceptional type with index n > 2. // 
a is co-prime to n, then a = 1. 

Proof. For instance, we consider the case No 15'a. Then R*E 3 = 2n/a and 
(a/n) 2 RE 3 = 2a/n. Hence a = 1 by the assumption and Lemma [2. 41 q.e.d. 

We shall consider a non-trivial effective divisor Lij on Y which is linearly 
equivalent to A,j and intersects E properly. Note that such an Lij exists 
if and only if f^Oy (A,j — E) ^ f^Oy(Dij) and Aj ^ 0. In particular, 
the assumption that ia/n + j < is implicitly imposed. By the following 
exact sequences, we construct an Ol { ^ae-module TZ^'? which is naturally 
isomorphic to CV(A',j') ® Ol^he outside finitely many points. 

(2.10) -» Y (D il .y - -» CV(A'J') -» Qi'j' o, 

(2.11) -> Qi>-+j'-j Qi'j' 0, 

I 

(2.12) -» (finite length) -» Oy(A' j') ® ®E -» Q»' -> 

I | ^ 

-» (finite length) -» Or(A',i') ® ®L itj c\E -» ftj'/ -» 0. 

The map Oy(— Lij) (g) 0# — > Q-i-j is surjective because it factors the 
surjective map Oy(— Lij) -» Q-i-j. Hence Q-i-j is the ideal sheaf of 
Lij HE CE, and thus ft?'9 = O^nB- 

Lemma 2.6. (i) /»0 7 (A,i) -» #°(Qtj) /or any », j. 

h}(Qij) = unless a/n < ia/n + j < 1. 

JO if ia/n + j < a/n, 

\d(l-i,l-j) if ia/n + j > 1. 

(ii) Consider Lij as above. Then, 
H°(Qi>,f) -» H (nff) unless a/n < (»' - i)o/n + (j' - j) < 1. 



'0 if(i'-i)a/n+(f-j)<a/n+l 

and (i' — i — — j — 1) ^ Z(n, —a) 
k l i/(i'-i-l,/-j-l)GZ(n,-a) 

unless a/n < i'a/n + j' < 1. 



12 



MASAYUKI KAWAKITA 



Proof. The lemma is derived from the Grothendieck duality H (Qij) = 
^ 2 ~ fc (Qi-i,i-i) and (EH), (E2J), firm . q.e.d. 

Corollary 2.7. Suppose that —{ia/n + j) < a/n + 1 wit/* (z + 1, j + 1) 
Z(n, —a) and £/za£ i/ie estimate a/n < —{ia/n + j) < 1 does not hold. Then 
■nfi) = 1 a^rf h (O^.^e) = 0. /n particular, Lij HE has no embed- 
ded points and (Ly D -E) re d a tree o/P . 

The way of the embedding of Lj j n 2? into V encodes the behaviour of 
the general elephants of Y. According to Corollary 12.71 the fundamental 
ingredients we should study are smooth curves on Y. We let G be a smooth 
curve on Y, and Q a quotient singularity C| ia . aX3 /— (1, —1, hq) on Y which 
G passes through. We shall review the local study of the germ Q G G C Y 
in Section 2] after [2S1 Section 2]. 

We take the index-one cover it: (Y" 9 Q") -» (7 3 Q) and set G fl := 
(C Xy Y») re( j. Let rig denote the number of the irreducible components of 
C", and G G^ the normalisation of one of the irreducible components of 
C". We let t G Oc\q and t n Q^ rQ G O^t ot be uniformising parameters of C 
and GL Let aj denote the smallest positive integer such that there exists a 
semi- invariant function with weight wtxj whose image in q\ has order 
a i/ r Q with respect to t. Then the coordinates of Y* can be taken so that 
Xi\(j] = t ai l Tc i for i = 1,2,3. Such a description is called a normal form of 
Q G G C Y. Note that 

(oi,o 2 , a 3 ) G Z • ng(l, -1, &g) + tqZ 3 . 

For I G Z/(rg), we let Wq(1) denote the smallest non-negative integer such 
that (wq(1),1) G Z x Z/(rg) is contained in the semi-group 

(2.13) G§ := Z> (fli, 1) + Z> (a 2 , -1) + Z> (a 3 , &q) C Z x Z/(r Q ). 

We note that (w, I) G Gq means the existence of a semi-invariant function 
with weight I whose restriction to G^ is t w l r Q . In particular Wq(0) = and 
(r Q ,0)GGg. 

Let denote the reflexive sheaf on the germ Q G Y which is isomorphic 
to the ideal sheaf defined by x\ = outside Q. Note that ?1® v q} 2* 0y(i?) 
and ^® b Q} 9* O y (K y ), where denotes the double dual of . Then 

for arbitrary integers ji, . . . , j fe with Yj\<i<k3i = °j 

(2.14) ImfV^ 1 ] ® • • • ® ® O c -> O c ) 

= Oc(-(E ^o(-iOAQ)-Q). 

l<i<fc 

3. CO-PRIMENESS 

In this section we discuss the co-primeness of a and n and prove Theorem 
11.31 except for a few cases to be treated in Section |SJ We start with listing 
the types of / for which a and n may have a non-trivial common divisor. 

Let j) be a common divisor of a and n, and set a = pa p , n = pn p . We 
take the index- n p cover ax '■ (X' 3 P') — ► (X 3 P), the covering defined by 
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ripKx, and lift it over Y by taking the normalisation of Y in the function 
field of X' . By this procedure, we obtain the commutative diagram 



(Y> d E') (Y D E) 



(3-1) /' 



(X' 3 P') (X 9 P), 

where P' := a Y E. The morphism ay is just the covering defined by 
n p f*Kx = n,pKy — a p E. In particular ay is etale outside finitely many 
points, which implies that K' Y = a Y Ky and that E' is an /'-anti-ample 
reduced divisor. Hence Y' has also at worst terminal singularities, and /' 
satisfies the conditions to be a divisorial contraction except for the irre- 
ducibility of E' . 

Now we should notice that all the results in Section El hold without the 
condition of the irreducibility of E, in contrast to the use of the reducedness 
of E to deduce that d(0, 0) = 1. By applying Theorem 12. HI to both / and 
/', we can restrict the possibilities of the covering (|3.1j) . It is worth while 
mentioning that, although we can construct the covering (|3.1j) by using 
(n/q)Kx for any divisor q of n, the morphism ay is no longer etale at the 
generic point of E unless q is also a divisor of a. Once ay ramifies at the 
generic point of E, there is no guarantee that Y 1 has terminal singularities, 
and we can not apply the singular Riemann-Roch formula to Y'. 

We return to our situation. The covering (|3.1|) is a cyclic /i p -cover for a 
common divisor p of a and n. In order to compare the numerical data of 
/ and /', we examine the variations of the basket of fictitious singularities 
and the value of (a/ra)P 3 by this covering. It is obvious that 

(3.2) ^L E ' 3 =p--E 3 . 

n p n 

We shall investigate the variation of the basket. Since the covering HM.lj) is 
decomposed into coverings of prime degrees, we assume that p is a prime 
divisor for the time being. We let Q be a singularity of Y. There exist 
two cases of the local behaviour of ay at Q. If ay is etale at Q, then 
each fictitious singularity Qi of type - — (1, — 1, bQ t ) from Q is divided into 

p fictitious singularities of type -— (1,— l,&Q i ) on Y' . If ay is ramified 

at Q, then p \ tq and each Qi varies into a fictitious singularity of type 
r ^^ (l, —1, &Q i ) on Y', provided that Q is of type other than cAx/4. If Q 

is of type cAx/A, then p = 2 and the basket {|(1, — 1, ±1), s x -(1,1,1)} 
varies into {(2s + 1) x |(1, 1, 1)}. On the other hand, the value eg is pre- 
served modulo index since K' Y = a Y Ky and E' = a Y E. Therefore we have 
obtained the following lemma on J = {(vq, vq)}q,=i. 

Lemma 3.1. Suppose that p is a common prime divisor of a and n. Let 
Q G Iq be a fictitious singularity ofY equipped with the data (rQ,VQ). 

(i) // ay is etale at Q, then there exist exactly p fictitious singular- 
ities Q' of Y' above Q. Each such Q' is equipped with the data 
(rQ',v Q/ ) = (tq,vq). 
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(ii) If ay is ramified at Q, then there exists exactly one fictitious sin- 
gularity Q' ofY' above Q. Q' is equipped with the data (tqi,vqi) = 
(tq/p,1Evq), where ±vq is the minimum o/vq and —vq. 

We list all the possibilities of ay in terms of J by Theorem 12. 31 ()3.2j) and 
Lemma 13.11 

Theorem 3.2. Suppose that p is a common prime divisor of a and n. Let 
J' := {(v'q, v'q)}q'^p be the data of Y' constructed in the same fashion as 
J. Then ay belongs to one of the cases in Table El 

Table 5. 



No of/ 


J 


P 


J' 


1 


(6,3) 






3 


(2,1) 




2 


(7,3) 






7 







4 


(4,2), 


(r,l) 




2 


(r,l) 


(r,l) 


8 


(6,2), 


(2,1) 




2 


(3,1) 


(2,1), (2,1) 










3 


(2,1) 


(2,1), (2,1) 


10 


(2,1), 


(2,1), 


(r,l) 


2 


(2,1) 


(2,1), (r/2,1) 










2 


(r,l) 


(r,l) 


11 


(2,1), 


(3,1), 


(3,1) 


3 


(2,1) 


(2,1), (2,1) 


12 


(2,1), 


(3,1), 


(4,1) 


2 


(3,1) 


(3,1), (2,1) 


14 


(r,2) 






P 


(r/p, 2), r/p > 2 


15'a, 15" 


(n,i) 




P 


{n/p, 1), (r 2 /p, 1) 



Proof. For instance, we consider the case No 1. Then (a/n)E 3 = 1/2. Let 
Q be the fictitious singularity of Y such that (vq,vq) = (6,3). Because J' 
contains at most one (6, 3) by Table BJ ay must be ramified at Q by Lemma 
l3~n whence p = 2 or 3. Up = 2 then J' = and (a p /n p )E f3 = 1 by (l3~2l) 
and Lemma 13. 11 but it is impossible by the list of the possible types of /' in 
TableU If p = 3 then J' = {(2, 1)} and (a p /n p )E' 3 = 3/2. In this case /' is 
of No 16. q.e.d. 

If a is not co- prime to n, then in particular a / 1. The following numerical 
lemma is derived from the results 16 and 22 on minimal discrepancies by 
Kawamata in the non-Gorenstein case and by Markushevich in the Goren- 
stein case. 

Lemma 3.3. Suppose that X is singular at P and that o / 1. Then there 
exist a singularity Q S Y of index tq at which E ~ cqKy and positive 
integers n m , n a satisfying the following conditions. 

(i) an m + nn a = r Q . 

(ii) n m + eQn a = modulo r Q . 
In particular, a + n < rQ. 

Proof. The results ^H] and by Kawamata and Markushevich are the 
following. For a three-fold terminal singularity P £ X of index n, there 
exists an exceptional divisor above P whose discrepancy with respect to Kx 
is 1 jn unless X is smooth at P. Hence if a ^ 1 then there exist a birational 
morphism g: Z — > Y from a smooth variety Z and a ^-exceptional prime 
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divisor F such that K z = (/ o g)*K x + (l/n)F + (others). g(F) has to be 
a non-Gorenstein point Q of index say rn. Let e<g be an integer such that 
E ~ eqKy at Q. Set 

if z = <7*ify + (n a /r Q )F + (others), 

5 *£ = g- l E + (n m /r Q )F + (others). 

Then the equalities (jy) and (jnj) hold. q.e.d. 

Corollary 3.4. (i) a is co-prime to n unless f is of No 4, 8, 10, 12, 

14 15' a or 15". 

(ii) If f is of No 8 or 12, then a is co-prime to n or (a,n) = (2,2). 

Proof. For (0), it suffices to exclude the cases No 1, 2 and 11 from Table 
For instance, we consider the case No 1. a and n are divided by 3, and Q in 
Lemma 13.31 must be equipped with the data {tq,vq) = (6,3) and eQ = 3. 
Thus an m /rQ > 3/2 by (jnj) in Lemma l3~3l but this contradicts (Q) in Lemma 
13.31 (Jii|) is proved in the same way. q.e.d. 

For a common divisor p of a and n, we set 

afq := n p - e Q a p . 

Then pdg = modulo rg by nKy ~ aE, and ay is locally the covering 
defined by the divisor n p f*Kx = n p Ky — a p E ~ afqKy at Q. In Lemma 
13.11 (0) occurs when afq = modulo tq, while (jnj) occurs when pd P Q = but 
c?q ^ modulo rQ. We obtain Table which lists all the possible coverings 
of prime degrees, based on Lemma l3.1| Theorem 13.21 and Corollary 13.41 



Table 6. 



No of/ 


P 


QiGl with (rQ^UQj 




4 


2 


Q V (4,2), Q 2 : (r,l) 


(d 1 ,d 2 ] 


= 


(2,0) 


8 


2 


Qi: (6,2), Q 2 : (2,1) 


(di,d 2/ 


= 


(3,0) 


10 


2 


Qi: (2,1), Q 2 : (2,1), Q 3 : (r, 1) 


(di,d 2 


d 3 


= (0,l,r/2) 




2 




{di,d 2 


d 3 


= (1,1,0) 


12 


2 


Qi: (2,1), Q 2 : (3,1), Q 3 : (4,1) 


(di,d 2 


d 3 


= (1,0,2) 


14 


P 


Q: (r, 2) 








15'a, 15" 


P 


Qi: (n,l), Q 2 : (r 2j l) 









We examine No 14 and 15 without the assumption that p is a prime. 
Recall the notation that g = gcd(o, n), a = go! , n = gn' . 

Lemma 3.5. (i) If f is of No 14 or 15' a with g > 2, then g = 2 and 

d h = r Q/ 2 f or an y Q G L 

(ii) /// is of No 15" with g>2, then d Q bi/ ri + d 9 Q b 2 /r 2 = 1. 
Proof. By (|2,6|) . we have 

(d(n' + 1, -a') - d(n', -a')) - (d(l, 0) - d(0, 0)) 

= (B n >- a > — -Bn',-a'-l) + ^0,-1- 



16 



MASAYUKI KAWAKITA 



Suppose that g > 2. By ()2.9j) the left-hand side is 1, whence 

(3.3) 1 = J2{B rQ (d? Q bQ) - B rQ (d%b Q - v Q ) + B TQ {-v Q )). 
Qel 

We apply (|3.3f) to No 14 and 15. If / is of No 14 or 15, then by Lemma 
13.11 and Theorem 13.21 the covering ay of degree g constructed in (J3.1|) is 
totally ramified at every fictitious singularity Q in / of Y. Hence dpg/irq/g) 
is co-prime to g. In No 14, I consists of Q with (tq,vq) = (r, 2), and dg>2 
by r/g > 2 in Theorem 13.21 In No 15, I consists of Qi with (n, 1) and Q2 
with (r2,l), and dq^dPq^ > 1. Note that r± = r 2 and d\ = d 2 in No 15'a. 
When / is of No 14 or 15, the equality ()3.3|) becomes 



/ d Q b Q (r Q - d 9 Q b Q ) 



^ I 2r 

Qel \ 



(d Q b Q -v Q )(rQ-d 9 Q bQ + VQ) vq(vq — vq) 
2r Q 2r Q 



_ v Q^ r Q- d Q b Q) 
Qel TQ 

The lemma is deduced from this equality. q.e.d. 

The idea of the proof of Lemma f3.5l is to examine the variation of the value 
of Bij — -Bjj-i by the replacement of with (i + n',j — a'). We shall 
pay attention to A{j —Aij—i instead. This value encodes more information, 
although it is more difficult to handle. By (|2.3|) we obtain that 

d(0,0) - d(n p , -dp) = - {A np -a p ~ ^n p ^a p -l)- 

If p > 2 then 

(3.4) 1 = ^2(-A Q (-e Q ) - A Q (d p Q ) + A Q (d p Q - e Q )). 

Qel 

Lemma 3.6. a is co-prime to n if f is of No 4, 10 or 12. 

Proof. We first remark that in the case No 10 in Table EJ eQ 1 = cq 2 = 1 
and thus d\ = d% = a' — n', whence (d\,d2, d%) has to be (1, 1, 0). 

Suppose that a and n are not co-prime. Then they have a common divisor 
p = 2. Starting with Table El and Lemma !3.5l|H) . we compute the term 
Cj := -A Qi (-e Qi ) - A Qi (di) + A Qi (d,i - e Qi ) which appears in the right- 
hand side of (|3.4j) . where d{ := dg.. 

(i) In No 4, (d,ca) = (1/2,0). 

(ii) In No 10, (ci,c 2 ,c 3 ) = (1/4,1/4,0). 

(iii) In No 12, (ci,c 2 ) = (1/4,0). c 3 = if 6q 3 = 1 and c 3 = 1/2 if 
b Qs = 3. 

Hence Ij3.4|) never holds, which is a contradiction. q.e.d. 

We prove the co-primeness of a and n when / is of exceptional type except 
for a few cases to be investigated in Section |SJ where the values of a and n 
are small. 



THREE-FOLD DIVISORIAL CONTRACTIONS 



17 



Theorem 3.7. If f is of exceptional type, then a is co-prime to n except 
for the following possibilities. 

(i) / is of No 8 and (a,n) = (2,2). 

(ii) / is of No 14 and (a,n) = (2,2) or (4,2). 

(iii) / is of No 15' a and (o,n) = (2,2) or (4,2). 

Proof. By Corollary 13 . 41 and Lemma f3.61 we have only to treat the case where 
/ is of No 14 or 15'a. In this case g = 1 or 2 by Lemma l3~5T|I)) . Suppose that 
g = 2. a = 2a', n = 2n', and a' is co-prime to n'. We have the following by 
Table 

(i) If / is of No 14 then R*E 3 = 2n'/a' and (a/n) 2 RE 3 = Aa'/n'. 

(ii) If / is of No 15'a then R*E 3 = 2n'/a' and (a/n) 2 RE z = 2a' /n'. 

Hence (a, n) = (2, 2), (2, 4), (2, 8) or (4, 2) in No 14 and {a, n) = (2, 2), (2, 4) 
or (4, 2) in No 15'a by Lemma 12.41 In order to exclude the case n ^ 2, we 
compute <i(2,0) — rf(l,0) by (|2.6|) in terms of rq,bQ for Q £ I. This value 
is, modulo Z, equal to 

B rQ (b Q ) - B rQ (b Q - 2) = 2 -^Q for No U , (a,n) = (2,4), 

r Q 

-— + B r (b Q ) - B r (b Q - 2) = 1 - 2bQ for No 14, (a,n) = (2,8), 
r Q r Q 

2B rq (b Q ) - 2B rQ {b Q - 1) = 1-2 9 for No 15'a, (a, n) = (2, 4) . 

Q 



Note that tq is even by Theorem 13.21 The value above becomes an integer 
only if / is of No 14 with (a,n) = (2,4) and 6q = 1 or tq/2 + 1. In this 
case eg = rq/2 + 2 by Lemma and thus 4 | tq. This contradicts that 
= eg^Q = 2. q.e.d. 



To treat the cases left in Theorem 13 .71 we are forced to analyse / geomet- 
rically by making use of Corollary 14.21 This is the reason why we postpone 
completing the proof of Theorem 1 1.31 We here collect the numerical data to 
be used. 

Lemma 3.8. The cases left in Theorem 13.71 have the following data. 

(i) / is of No 8. I consists of Q = (6,2) and Q' = (2,1). (a,n) = (2,2). 
e Q = 4 and b Q = 5. d(0, -1) = and d(0, -2) = 1. 

(ii) / is of No 14- I consists of Q = (2r',2). n = 2. (a, 6q) is either 
(2,r' + 2) with r' > 3 or (4,r' + 4) with r' > 5. d(0, -1) = 1 and 
d(-l,l) = 0. 

(iii) / is of No 15'a. I consists of two fictitious singularities with data 
(2r', 1) from one singularity QofY. n = 2. (a,bg) is either (2, r 1 + 
1) withr' > 2 or(A,r' + 2) withr' > 3. d(0,-l) = 1 and d(-l, 1) = 
0. 



Proof. All the data are deduced from Theorem l2.31 (|2.6j) . (|2,9[) . Table El and 
Lemmata 13. 3| l3~5lj i|). Lemma 13.31 is used to estimate r'. q.e.d. 
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4. General elephant theorem 

In this section we prove the general elephant Theorem 11,41 in strong form 
by either of two different ways according to the value of the discrepancy 
a/n. 

The theorem in the strongest form is easily deduced from its local version 
when the discrepancy a/n is small. In this case we can obtain a general 
elephant of Y by taking the birational transform of a general elephant of X. 

Theorem 4.1. If d(—l,i) = for every 1 < i < a/n, then the birational 
transform onY of a general elephant of X is a general elephant ofY and has 
at worst Du Val singularities. This is the case in particular when a/n < 1. 

Proof. Let Sx be a general elephant of X and S its birational transform 
on Y. Sx has at worst a Du Val singularity, or equivalently, a canonical 
singularity at P. We set f*Sx = S + (a/n + m)E by an integer m > 
—a/n. The assumption on d(—l,i) is by (|2.8j) equivalent to m > 0. On the 
other hand, by the adjunction formula, oj$ is in codimension one equal to 
f*oJs x ® Oy(-mE), whence m < since Sx is canonical. Thus m = and 
S — ► Sx is a crepant morphism. Now the theorem follows obviously, q.e.d. 

Theorem 14.11 is applied to the case where / is of exceptional type by 
Corollary 12, 5( Theorem 1.3.71 and Lemma 13.81 

Corollary 4.2. Iff is of exceptional type, then the assumption in Theorem 
14.11 holds and consequently the general elephant theorem holds for f. 

Therefore, with regard to the general elephant theorem, it suffices to treat 
the case where / is of general type with discrepancy a/n > 1. We keep the 
following notation when / is of general type. 

(i) If / is of No 15", then / consists of Q\ = (r%, 1) and Q2 = (r 2 , 1). 
Set 61 := b Ql and b 2 -=bQ 2 . 

(ii) If / is of No 16, then / consists of Q = (r, 1). Set b := bq. We 
set 7*1 := 1, r2 := r and 61 := 0, 62 := b to treat both the cases 
simult aneously. 

We have (a/n)E 3 = 1/n + l/r% by Theorem 12.31 We let S be a general 
elephant of Y and Sx its birational transform on X. The general elephant 
theorem guarantees that Sx has at worst a Du Val singularity at P and 
the induced morphism f$: S — > Sx is crepant. In our case we prove the 
theorem with the description of this partial resolution. 

Theorem 4.3. If f is of general type, then a general elephant SofY has 
at worst Du Val singularities. Moreover, except for the case a = 1, the dual 
graph (see Section]^ for notation) for the partial resolution f$: S — > Sx is 
one of the following. 

(i) 

• — Qi — — Q2 — • 

1 



Qi o A ° Q2 

1 1 
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(ii) 



The attached number at o is the coefficient in the fundamental cycle. 
In No 15" , Qi, Q2 correspond to the points Q\, Q2 in I, and in No 
16, Q\, Q2 correspond to a smooth point and Q in I. S has Du 
Vol singularities of types A rx -\, A r2 _\, A respectively at Qi, Q2, A 
(possibly smooth at A), and they are all the singularities of S. In 
particular, Sx has a Du Vol singularity of type A and consequently 
P is of type cA/n. 



Qi 



Q2 



Qi 



Qi 



Q2 



Q2 



In this case f is of No 15" with n = 1 or 2, and either 

(a) r2 = r\ + n with a \ 2r\ + n and a is odd; or 

(b) r2 = r% + 2n with a\r\ + n. 

In each case a < r% < r2, n \ a + rj and bi = (a + r^jn modulo ri 
for i = 1,2. Q\, Q2 correspond to the points Q\, Q2 in I. S has 
Du Vol singularities of types A ri -\, A r2 _\ respectively at Q\, Q2, 
and they are all the singularities of S unless S has the last graph. 
In the case of the last graph, S may have further singularities on 
the exceptional curve not passing through Q\. If n = 2 then the 
assumption in Theorem 14.11 holds. 

We let / be a divisorial contraction of general type. We start with the 
computation of d(0, —1) and d(— 1,0). By (|2.6|) . we obtain that 



d(l, -1) - d(0, -1) 
d(0,0) - 4-1,0) 



-(— + — 

2 V r\ r2 



+ E 



1 2(n 



=1.2 



2n 



2n 



a 1 
n + 2 



1 1 

T\ r 2 



+ E 



kin - + i)(n -bi-i) 



2n 



We note that d(0, 0) 

(4.1) d(0,-l) 

(4.2) d(-l,0) 



i=l,2 

1 by (D. Hence 



2n 




for No 15, 
for No 16, 

bi)- > 1. 



By ()2.8j) and (|4.1() . we have d(l, —1) > and a general hyperplane section 
Hx on the germ P € X has multiplicity 1 along E, that is, f*Hx = H + E, 
where H is the birational transform on Y of Hx- By ()2.8|) and (|4.2|) . there 
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exists an effective divisor Sx on X which is linearly equivalent to —Kx and 
has multiplicity a/n along E, that is, f*Sx = S + (a/n)E, where 5 is the 
birational transform on Y of Sx- If we take Sx generally then the surface 
5 is a general elephant of Y. Note that S is not necessarily a prime divisor. 
S passes through all the singularities in Jo, whereas H passes through all 
those in /. By Corollary 12. 71 the curves HnE and SHE have no embedded 
points, and their reduced loci are trees of P 1 . We reduce the case (0) of 
Theorem 14 .HI to the following more approachable statement. 

Lemma 4.4. Theorem I4.3t| i|) follows from one of the following. 

(i) HnE has a (possibly reducible) component which passes through 
all the points in I and which intersects S properly at two distinct 
points. 

(ii) SHE has a (possibly reducible) component which intersects H prop- 
erly at two distinct points. 

Proof The lemma is proved in the same fashion on either assumption. Here 
we demonstrate it by assuming (jy). We let C denote the component of H HE 
in the assumption. Since (S ■ C) < (S ■ H ■ E) = (a/n)E 3 = l/r\ + l/r2, 
the two points on S D C are Qi and Q2 in No 15", and a smooth point Q\ 
and Q 2 := Q in No 16. Moreover C = H n E and (S ■ H ■ E) Ql = 1/n, 
(S ■ H ■ E)q 2 = I/V2. Hence S is a Du Val singularity of type at Qi for 

i = 1, 2, and SHE is irreducible and reduced at each Qi. By the /-ampleness 
of H , every irreducible component of S fl E passes through either Q\ or Q 2 . 
Hence S Pi E is isomorphic to P 1 or the tree of two P 1 with a node Q' as 
pictured below. 




Because E is Cartier outside Q\ and Q2, S is smooth outside Q%, Q2 and 
the singularities of S n E. The only possible singularity of S n E is a node 
Q', at which S has embedding dimension 2 or 3. Suppose that S is singular 
at Q'. In order that SHE has a node Q' , the surface 5* in the tangent space 
Tn'S = C 3 has to be given by the equation x±x 2 + X3 • (something) = for 
suitable local coordinates xi,x 2 ,Xs at Q' , where E is given by X3 = 0. Hence 
S has a Du Val singularity of type A at Q' , and the lemma is deduced, q.e.d. 

The rest of this section is devoted to the proof of Theorem 14.31 on the 
assumption that / has discrepancy a/n > 1. From now on, we keep the 
assumption that / is of general type with discrepancy a/n > 1. The theo- 
rem is proved when n = 1 by [141 Section 5] and Erratum attached at the 
end of this paper. We here assume that n > 2. Because (H ■ H ■ E) = 
E 3 = (n/a)(l/r\ + l/r 2 ) < 1/n + l/r2, there exists an irreducible reduced 
component of H R E which passes through all the singularities in /, that is, 
Qi and Q 2 in No 15" and Q in No 16. We let C = P 1 be such an irreducible 
reduced component of H n E. Qi, Q2 £ C in No 15" and Q G C in No 16. 
We take a normal form explained at the end of Section [21 at each singularity 
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in /. The curve C is determined uniquely in No 15" since (H PiE) Te d is a tree 
of P 1 , but in No 16 every irreducible component of H n E passes through 
Q. When / is of No 16, we choose C wisely as in the following lemma. 

Lemma 4.5. If f is of No 16, then there exists an effective divisor Dx on 
X whose multiplicity along E is 1/n, that is, f*Dx = D + (l/n)E, where 
D is the birational transform on Y of Dx ■ Moreover, by taking a suitable 
H , we can choose C so that D intersects C properly and so that there exists 
no hidden non-Gorenstein point on C. 

Proof, a is co-prime to n by Theorem l3.2l Thus there exist integers s, t such 
that as + nt = —1. The existence of Dx follows if d(s,t) ^ by (|2.8j) . By 
(|2.6|) . we obtain that 

4s + M )_ dM)= _(I + I)(l + I) 

/(« + l)(r — u — 1) u(r — u)\ 
+ V 2r Yr~ J' 

where u := sb + 1 — 1. Since al{s + 1, t) = by ()2.9|) . we have 

= -(! + -) + — >°> 

n V r/ r 

whence the existence of is deduced. 

We have the surjective map f*0 Y (H) -» i? Q (Q Q _i) by Lemma I2~7H and 
the estimate /i°(Q -i) = ^(0,-1) = 2 by and (|1TT|) . Hence the re- 

striction on of the divisor moves in its linear system, although we need 
to mind the possibility that E is non-normal. Thus we can take H so that 
HDE has an irreducible reduced component C which intersects D properly. 
Suppose that there exists a hidden non-Gorenstein point Q' on C. Then 
the index r 1 at Q' is a divisor of n, whence D ~ sKy + tE is not Cartier at 
Q' and consequently D passes through Q' . However, this contradicts that 
((D + H) fl £) rcd is a tree of P 1 in Corollary O by a/n > 1. Therefore Q 
is the only non-Gorenstein point which C passes through. q.e.d. 

We consider Dij in (|2.1j) and write sc(i,j) for the integer such that 

(Oy(Aj) ® 0c)/(torsion) P i(s c (i, j)). 

Note that sc(i,j) is well-defined for any C on Y isomorphic to P 1 . We give 
a condition for Theorem I4.3t|i)) to hold in terms of the value of sc(— 1, 0). 

Lemma 4.6. Theorem I4,3l|i|) ZioWs i/ and cm/y if sc(— 1,0) = in iVo 15" 
or sc{— 1,0) = 1 in No 16. In this case, for any point Q in I (Q\ or Q2 
in No 15" and Q in No 16) we may choose semi-invariant local coordinates 
xi,X2,xs with weights wt(xi, X2, £3) = (1, — 1,6q) of the index-one cover 
Qtt G 1^ so i/iai 

£ C' C y' = o £ (xs-axis) C C 3 X1X2X3 . 

Proof. Let Rq denote the global Gorenstein index of Y. Compute the image 
of the map 

O y (-K y )® Ro Oy(RoKy) ®O c ^ O c . 
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By (|2.14|) . its image at any Q G I is Oc(— -Ro^q(&q)Aq 1 Q)- Hence the 
image is contained in the ideal sheaf isomorphic to 0^i(—Ro(wQ i (bi)/ri + 
w% 2 (b 2 )/r 2 )) in No 15" and O P i(-R w^(b)/r) in No 16. On the other hand, 
this image equals that of 

((Oy(-K y )^ <g> c )/(torsion)) g, (O y (i? iT y ) ® C ) -> O c> 
whence 



i? sc(-l,0) + i? (^y -C) < I 



/w9, (h) (b 2 )\ 
-Ro( Ql + Qa ) for No 15", 
v r\ r 2 / 

-i? ■ for No 16. 

r 



Note that by Lemma 14.51 in fact the equality holds if / is of No 16. If 
Theorem holds, then C = H f]E, w^(b Q ) = 1 for any Q e I and the 
above inequality becomes an equality by the proof of Lemma l4.4lj ij). whence 
the condition on sq(— 1,0) holds. On the other hand if the assumption on 
sc(— 1,0) holds, then the above inequality becomes 



(~K Y ■ C) > 



Qi±2l + _QAAL for No 15", 
n r 2 

1 + for No 16. 

r 



We have (-ify • C) < (-Ky ■ H ■ E) = 1/n + l/r 2 . Hence we obtain 
that C = H n E, WgipQ) = 1 for every Q £ I, and there exists no hidden 
non-Gorenstein point on C. The desired coordinates at Q are constructed 
by w^(b Q ) = 1. By applying Lemma E21 to (i,j;i',f) = (0,-1; -1,0), 
Lo,-i = ^ an d -D-i,o = —Ky, we obtain the surjective map 

UO Y (-K Y ) -» H°(1Z ^) -» H°((O y (-K y ) O c )/(torsion)) 

fF°(C P i) for No 15", 
~ |fl" (O P i(l)) for No 16. 

This surjective map and the equality (S • C) = l/r\ + l/r 2 imply that 5 
intersects C properly at Qi and Q 2 in No 15", and at Q and another point 
in No 16. Hence Theorem I4.3l) i)) holds by Lemma l4.4l(Ijl . q.e.d. 

Unlike the case where X is Gorenstein, C might pass through hidden 
non-Gorenstein points in No 15". In spite of this, the proof of Lemma 14.61 
suggests that there exists no hidden non-Gorenstein point on C even if / is 
of No 15". We desire this property especially in using the formula ([2.14)1 . 
We prove that this is the case after a lemma on the values of sc(i,j) which 
is used frequently. 

Lemma 4.7. (i) If f is of No 15", then 

(a) s c (i,j) < and s c (-i,-j) > -1 ifia/n + j > 0. 

(b) sc(i,j) = —1 and sc(—i, —j) = or — 1 ifO < ia/n + j < a/n, 
where sc{—i, —j) = can occur only if ib\ + j = modulo r%. 

(c) sc(i,j) = —1 if ia/n + j = with ^ Z(n, —a). 

(d) (a o (l,0),so(-l,0)) = (-2,0), (-2,-1) or (-1,-1). 

(e) Sc (l,l) = -1. 
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(ii) /// is of No 16, then 

(a) sc(i,j) < and sc(—i,—j) > ifia/n + j > 0. 

(b) sc(i,j) = —1 and sc(—i, —j) = if < ia/n + j < a/n. 

(c) ( SC (1,0), SC (-1,0)) = (-2,1), (-2,0) or (-1,0). 

Proof. Let Ro be the global Gorenstein index of Y. For (Q), we have sc(i, j) < 
for ia/n + j > by the existence of the natural map OyiiKy + jE)® Ro ® 
O c -> Oy(R (iK Y + jE)) ® O c . By the surjective map H x {jC^_ x ) -» 
H x {0^\ (sc(i, j))) and Lemma l2,61 we obtain that sc(i,j) > —1 ifia/n+j < 
a/n and that sc(l,0) = —1 or —2. We have (a)-(d) by considering that the 
map OyiiKy + jE) <g> 0y (— iKy — jE) <g> Oc — > Oc is not surjective at Q 
unless iKy+jE is Cartier at Q. Note that iKy+jE is not Cartier at Q2 for 
< ia/n + j < a/n by a < r2 in Lemma l3.3l By Lemma 12.61 (I2.9j) and (|4.1|) . 
we have h l {Q^i) = 0, fc a (Qi,i) = d(0,0) = 1 and /i 2 (Qi, 2 ) = d(0,-l) = 1. 
Hence ^(^-l) = by CUD} and (e) follows. 

(jnj) is proved in the same way once we obtain the isomorphism (Oy(D) ® 
Oc)/(torsion) = Opi for D = D s j consrtucted in Lemma 14.51 Since {D ■ 
C) = (l/n)(H • C) = (l/o)(l + 1/r) < 1, we have (D ■ C) Q = (D ■ C). Let 
-O" denote the pre-image of D on the index-one cover e yf. Then the 
restriction of the defining function of D\ whose weig ht is -(sb + t), to C f 
has order (D ■ C)q with respect to t, whence Wq{—sb — t) = r(D ■ C)q = 
r(D ■ C). From the map Oy{D)® r Oy(-rD) <g> O c -> Oc, we obtain that 
rsc(s, t) — r(L> • C) = — Wq(— sb — t). Hence sc{s, t) = 0. q.e.d. 

Lemma 4.8. There exists no hidden non- Gorenstein point on C . 

Proof. By Lemma 14.51 we have only to consider the case No 15". We shall 
prove the lemma for No 15" by using the maps 

(4.3) OyiiKy + jE) ® Oy(-iKy - jE) ®Oc^O C 

for various i, j. Note that the map (|4,3[) is not surjective at every non- 
Gorenstein point on C at which iKy + jE is not Cartier. In particular, 
the number of those points is at most —sc(i,j) — sc(—i, —j)- Suppose that 
there exists a hidden non-Gorenstein point Q' on C. We apply this principle 
with Lemma l4.7lj ijl. 

For each i = 1,2, at least one of the maps (|4.3|) for (i,j) = (1,-1) and 
(1, —2) is not surjective at Qi, and both of the maps are not surjective at 
Q'. Since —sc(i,j) — sc(—i,—j) < 2 for these (i,j) by Lemma f4.7lji)l . Q' 
is the only hidden non-Gorenstein point on C, and that = 1, &b = 2 
for (A, B) = (1,2) or (2,1). If a/n > 2, then by the map (JO) for (i,j) = 
(1, —3), the divisor Ky — 3E has to be Cartier at Q\ or Q2, whence (A, B) = 
(1,2) and r\ = 2. In particular, r\ is co-prime to r 2 and consequently a 
is co-prime to n by Theorem 13.21 Thus a/n > 2 and the map (|4.3|) for 
(i,j) = (1,-4) is not surjective at Q\, Q2 and Q'. This contradicts that 
— sc(l, — 4) - sc(— 1,4) = 2 in Lemma l4~7Tji)) . Therefore 1 < a/n < 2. The 
map H4.3|) for (i,j) = (2, —3) is not surjective at Qi, Q2 by 6^ = 1, bs = 2. 
Hence this map has to be surjective at Q' , or equivalently the index rqi of 
y at Q' is 2. However also the map 1)4.3}) for (i,j) = (3, —4) is not surjective 
at Qi, Q2, whence tqi must be 3. This is a contradiction. q.e.d. 
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We proceed to the delicate analysis of the embedding of C by using the 
concept of normal form in Section [21 We need to keep Lemma 14.81 in mind. 
First we prove that the embedding dimension of C* is at most two. This 
dimension equals the number of generators of the semi-group 

Gq in (2331). 

Lemma 4.9. Consider any point Q in I (Qi or Q2 in No 15" and Q in 
No 16), and take a normal form of Q £ C C Y . Then the semi-group 
Gq is generated either by (ai,l) and (03,6(3) or by (02,— 1) and (03, 6g). 
In particular, we may choose semi-invariant local coordinates x\,X2,x% with 
weights wt(xi,x 2 ,xs) = (1, — 1>&q) of the index-one cover E Y* so that 
(x 1 ,x 2 ,x 3 )\ c1 = (1?Q/ r Q,0,1*Q*i/rQ) or (0,i c «/ r <3,i 1 -^«^/ r Q) for some pos- 
itive integer cq < tq. 

Proof. Because C is smooth at Q, there exists an invariant monomial in 
xi,%2,%3 whose restriction to C is t, or equivalently (rg,0) 6 Gq. Hence 
one of the following holds. 

(i) One of a\, 0,2, 03 is 1. 

(ii) (rg, 0) is generated either by (ai, 1) and (03, 6g) or by (02, —1) and 
(a 3 ,b Q ) in Z x Z/(r Q ). 

(hi) r Q = a x + a 2 . 

The lemma follows directly if (0) or (JnJ) holds. From now on we suppose that 
only the statement (jmj) holds. In particular rg > 5. On this assumption, 
the inequality 'Wg(fc) + Wq(— k) > 2rQ holds unless k = or ±1. 

If a is not co-prime to n, then / is of No 15" by Theorem 13 . 21 and we have 
a numerically /-trivial divisor D n i_ a i, which is not Cartier at Q\ and Q2 
by Lemma EToTJn)) . By the map Oy {-D n , _ a ,) <g) Y {D n i _ a ,) ® O c -» Oc, 
we have 



s c (-n , a ) + s c (n , -a ) = - ^ ( — ; 1" - 



=1,2 



Since sc{n', —a') = sc(—n',a') = —1 by Lemma H~7l|i)) . we have WQ{n'bQ — 
a') + Wq{o! — n'bo) = rQ. Hence (|ifl or above must occur. 

Now we may assume that a is co-prime to n. We take integers s, t so that 
as+nt = —1 and consider the divisor D s j = —(l/n)E. Then for each Q € /, 
rg is the smallest positive integer such that rgD Si t is Cartier. Consider the 
map Y (-iD s j) ® Y (iD s j) ®O c ^ O c . We have 

, . . + , , v^/wg(»(s6 g + t)) wg(-i(s& +t)) 
sg(-zs, -«t) + sg(zs,i£) = - > 1 

By this equality and Lemma 14.71 

(4.4) w%{i{sb Q + t)) + w%(-i{sb Q + t)) = r Q 

for < i < a except that / is of No 15" with r\ \ i. On the other hand, 
WQ(k)+WQ(—k) > 2rg unless k = or ±1 by the assumption. First by (|4.4j) 
for i = 1, we have s6g + £ = ±1 modulo rg. Then 2(s6g + £), 3(s6g + £) ^ 
0, ±1 modulo rg by rg > 5. Thus by g2J for * = 2, / is of No 15", Q = Q 2 
and ri = 2. Hence by (|4.4j) for z = 3 and a/n > 1, we have (a,n) = (3,2). 
This contradicts that n = aeQ 1 modulo r\. q.e.d. 
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The precise generators of Gq are written as follows. 

Lemma 4.10. (i) If f is of No 15" , then we may choose the coordi- 
nates so that the restriction to at one of Q\ and Q2 is of form 
(W r ',0,^/ ri ) and that at the other is of form (0, t Ci / ri , i 1 - 5 ^/*). 
(ii) If f is of No 16, then we may choose the coordinates so that the 
restriction to Ct at Q is of form {t c / T , 0, t bc ' r ). 

Proof. We note that the lemma holds on the assumption in Lemma 14.61 
Starting with Lemma 14.91 first we consider the case No 15". If both are of 
form (t c */ r %0,t b * c ^ r *), then the image of the map O y (-K y ) (g> Oy(-E) ® 
O y {K y + E)®O c -> O c is Oc(-Qi-Q 2 ), whence s c (-l, 0) + s c (0, -1) + 
sc(l,l) = -2. _Thus s c (-l,0) = by Lemma H~7HI1) . If both are of 
form (0,t Cl/r %t 1 - b ' c >/ r >), then the image of the map Y (-K Y ) ® O y {E) <g> 
O y (K y -E)®O c -> O c is O c {-Qi - Q2), whence a c (-l, 0) + s c (0, 1) + 
sc(l,-l) = -2. Thus sc(-l,0) = by Lemma l4~7HTT) . If / is of No 
16 and the restriction is of form (0, i c / r , t 1 ~ bc / r ), then the image of the 
map O y (-K y ) ® Oy(S) ® Oy(K y - E) ® O c -> Oc is Oc(-Q), whence 
sc(-l,0) + s c (0,l) + s c (l,-l) = -1. Thus s c (-l,0) = 1 by Lemma 
EZ©. q.e.d. 

It is possible now to derive Theorem 14. 31 when / is of No 16 with discrep- 
ancy a/n > 1. The divisor D constructed in Lemma 14. 51 plavs a crucial role 
in the proof. 

Theorem 4.11. If f is of No 16 with discrepancy a/n > 1, then Theorem 
Ol holds. 

Proof. By virtue of Lemma 14.61 it suffices to prove that sc(— 1,0) = 1. 
First we shall deduce that be < c in Lemma l4.1()l|ii|) by using the effective 
divisor D ~ sK Y + tE = —(l/n)E constructed in Lemma 14.51 From the 
map y (L>)® r (g> CM-rD) <g> Oc -> O c , we have rs c (s,i) - r(D ■ C) = 
—Wq{—sb — t), whence 

1 w9,(-sb-t) 
~(H • C) = (D • C) — Q 



n r 
by sc(s,t) = in Lemma I4.7l|n|) . On the other hand, from the map 
Y {H)® r (g> Y {-rH) ®O c ^ O c , we have rs c (0,-l) - r(H ■ C) = 
—Wq(1) = — c, whence 

(4.5) (H-C)= C - 

r 

by sc(0, —1) = in Lemma H~71|n|) . Hence WQ(—sb — t) = c/n < c. Because 
Gq in (|2. 13|) is generated by (c, 1) and (6c, b), this inequality implies that 
be < c. 

From the map Y {-K Y _f> r ®0 Y {rK Y )®O c -> O c , we have rs c (-l, 0)+ 
r(K Y ■ C) = —Wq(b) = —be, whence 

(4.6) -(H ■ C) = {-K Y -C) = - + s c (-h 0). 
n r 
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By (|4.5|) . (|4.6|) and the inequality be < c, we have sc(— 1,0) > 0. Therefore 
the theorem follows from Lemma l4.7t|nl) , q.e.d. 

By virtue of Lemma f4.61 we assume that / is of No 15" with sc(— 1, 0) 7^ 
from now on. The goal of the rest of this section is to derive Theorem l4.3lJiI]) 
on this assumption. The embedding dimension of is one in the situation 
of Lemma 14.61 but in fact this is always the case. 

Lemma 4.12. Suppose that f is of No 15" with sq{— 1,0) 7^ 0. Then for 
each i = 1,2, we may choose semi-invariant local coordinates 2^1,0^2,^*3 
with weights wt(xn, 0^2, ^3) = (1, — 1, 6j) of the index-one cover Q\ G so 
that 

Q .t G C i c yft^ c G (^_ axis ) C C^ lXi2X>3 . 

Moreover C C S, 3 < n < r 2 and (H ■ C) = 1/n - l/r 2 , (-i£> • C) = 
&1/V1 - 62/V2. 

Proof. We note that sc(— 1, 0) = —1 by Lemma I4.7lj ijl. and the assump- 
tion n > 3 is imposed by the proof of Lemma l4.10l|i]) . Moreover, accord- 
ing to Lemmata I4.4lf ij) and 14. 6( if S intersects C properly then eventually 
sc{— 1,0) = 0. Hence in our case we have C C S. By Lemma f4. lOlfT^ . we 

can choose (A, B) = (1, 2) or (2, 1) so that the description at Qa is of form 
(t CA l rA ,{),t^^/ rA ) and that at Q B is of form (Q,t CB / rB ,t 1 ~ U ^/ rB ). 



Step 1. ca < bACA- 

Indeed, by the map Y {H)® rATB ® Y {-r A rBH) ® O c -»• O c , we have 
rAr B sc(0, -1) - r A r B (^ • C) = -r fl t«g A (l) - r A i«g fl (l). By u,g A (l) = c A , 
«jg (1) = rs — cb and sc(0, —1) = —1 in Lemma l4~7Tji|) . we obtain that 

(4.7) l + (tf.C) = ^ + ^^. 

T A r B 

On the other hand, by the map O y {-K Y )® rATB ®O y (r A r B K Y )®O c -> Oc, 
we have rArBSc(-l,0) + r A r B (K Y ■ C) = -r B w^ A (b A ) - r A w^ B (b B )- By 

Wq a (6a) = b A CA, WQ g (b B ) = r B - b B c B and sc(-l,0) = -1, we obtain 
that 



(4.8) l+*(H.C)= h -^ + rB - hBCB . 

n r A r B 



From the equalities <|4.7|) and (|4.8j) . either ca < 6aca or eg > bscs holds. 
However, cb > bscs never occurs since (re, 0) is contained in the semi- group 
Gq b in ((27121). Hence Step [T] is deduced. 

Step 2. ca = 1. 



For Step [21 it suffices to prove the equality 6 a ca = bACA by (rA, 0) G 
GS. Suppose that 6a ca > 6a ca- Then 6a > 3 by ca < 6a ca- Moreover, 
(6a ca — ca, 6a — 1) is not contained in Gq a , and either (6a ca — 2ca, 6a — 2) 
or (2ca — 6a ca, 2 — 6a) is not contained in Gq a . Therefore, for j = 1, 2, the 
image of the map O y (—K y + jE) <g> O y {K y — jE) ® Oc — > Oc* is contained 
in Oc(— 2Qa), whence sc(— 1, j) + sc(l, — j) < —3 unless K Y —jE is Cartier 
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at Qb- It is however impossible by a/n > 1 and Lemma l4.7l(i() . Hence Step 
El follows. 

Now by substituting c A = 1 in ((171) and (jOJ), we have (A,B) = (1,2), 
ri < r 2j (H-C) = 1/n - c 2 /r 2 and (-Ky • C) = (a/n)(ff • C) = fci/n - 
&2C2/T2- It remains proving that C2 = 1. 

S'tep 3. C2 = 1 except for the case where b\ = r\ — 1 and d(0, —2) > 2. 

We have 1 - (H • C) = (n - + c 2 /r 2 and 1 + {a/n){H ■ C) = 

bi/ri + (r 2 — b 2 c 2 )/r 2 . These equalities imply that (n — l)/ri + c 2 /r 2 < 
&lA*i + ( r 2 — &2C 2 )/r 2 , whence C2 < ri — o 2 C2. Thus c 2 = 1 follows if 
(r 2 — 62 C2 — c 2 , 6 2 + 1) is contained in Gq. Consider the map OyiKy + 
E) <g> O y (-K y - E)®O c -» Oc- Then (r 2 - 6^2" - c 2 , 62 + 1) E G§ 
holds if the image of this map at Q 2 is Oc ( — $2)- Since so (1,1) = — 1 
and s(— 1, —1) > —1 by Lemma 1171(H) • the image at Q2 is 0c( — Q2) unless 
Ky + 1? is Cartier at Qi, or equivalently 61 = n — 1. 

Similarly, the equality c 2 = 1 follows if (r 2 — 6 2 c 2 — 2c2, 62 + 2) and 
(o 2 c 2 + 2c2, —62 — 2) are contained in Gq 2 , and this is the case if the image 
of the map OyiKy + 2E) ® Oy(-K Y - 2E) ® O c -> O c at Q 2 is either 
O c or O c (-Q2)- s(-l,-2) > -1 by Lemma HTHil) . As in the proof of (e) 
in Lemma [4.7l(i|) we can compute that /i 1 (7?.q' 2 _ 1 ) = d(0, — 2) — 1, whence 
sc(l,2) = —1 if d(0, —2) = 1. Thus when 61 = ri — 1, the image at Q2 is 
O c or OoC-Qz) unless d(0, -2) > 2. Therefore StepEJis deduced. 

We shall investigate the case left in Step El 

Step 4. The assumption in Theorem 14.11 holds in the case left in Step El 



2 



Recall that 3 < r\ < r 2 . By (|2.6|) we have 

5/1 1\ v^/2(ri-2) 3(r;-3)\ 
d(l, -2) - d(0, -2) = --(- + _) + J^(-Li_J - _4_i) = 

whence —2) > 1 by the assumption that d(0, —2) > 2. In particular 
1 < a/n < 2 by 1)2.9(1 . and we have only to prove that d(— 1, 1) = 0. Note 
that 62 > 3 when l<a/n<2by nb2 = a modulo r2 and n < a < r2 in 
Lemma 13.31 By (|2.fi|) we have 



d(o, 1) - d(-i, i) =(_£ + i) (I + 1) + + x ) " ^H*)) 



=1,2 



n r 2 < 

a\ 1 

n/ n 



By 61 = ri — 1 in the assumption and d(0, 1) = in 1)2.6(1 . the above equality 
means that 

«K-l, + i)i + (2-^)1. 

The first term (a/n + l)/ri is < 1 by a/n < 2 and ri > 3, and the second 
term (a/n — 6 2 )/r 2 is < by a/n < 2 and 6 2 > 3. Therefore d(— 1, 1) = 
and Step |1] follows. 

In the case left in Step El the surface S has at worst Du Val singularities 
by StepEl In particular, as in the argument before TableEl its pre-image S$ 
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on the index-one cover Q 2 € also has a Du Val singularity at Q\. Thus 
£" has multiplicity < 2 at Q|, or equivalently, the defining function h$ of 5" 
in X21 , X22 , £23 , whose weight is b 2 , has order < 2. On the other hand, from 
C C S, the restriction of h S to Cj_by (x 2 i,x 22 ,x 23 )\ c i = (0, t C2 / T ' 2 , ^-W^) 
is identically zero. By C2 < r2 — &2C2, such a function ns exists only if c 2 = 1 
or 62 = 1, 2. By 62 > 3 as seen in the proof of Step HI we obtain that c 2 = 1 
also in the case left in Step 01 q.e.d. 

In general it is difficult to control the denominator n of the discrepancy, 
but on our assumption we can narrow the possibilities down to one value. 

Lemma 4.13. Suppose that f is of No 15" with sc(— 1, 0) 7^ 0. Then n = 2, 
a < r\ < r 2 and bi = (a + ri)/2 for i = 1, 2. 

Proof. Recall the notation that g = gcd(a, n) and a = ga' , n = gn' . We 
claim that g < 2. Suppose that g 7^ 1 and consider D n i _ a i = n'Ky — a'E = 
0. By the map Oy (-D n , - a <)® rir2 <8> Y {r x r 2 D n , _ /) ®O c ^ O c , we have 
sc(—n',a') = —^2i = i 2 WQ.(n'bi —a')/ri. On the other hand, sc(—n',a') = 

— 1 by Lemma l4.7lji|) . and Wg^n'bi — a') = dg^bi and Wq 2 {n'b 2 — a') = 

r 2 — d 9 qj} 2 by Lemma f4. 121 Therefore d^&i/ri = d 9 Q_b 2 /r 2 . This equality 

and Lemma 13. 5tfTT|) imply that dg^x/ri = d 9 Q 2 b 2 /r 2 = 1/2, whence g = 2. 
We have (a/n)(H ■ C) = {-K Y ■ C). Thus Lemma KTH implies that 

(4.9) (£_ 6l )l = (£_ 6a )I. 

Vn / ri Vn / r2 
By this equality and (|4.2|) . we have (o/n — bi)/ri € Z/2. In particular 
a'/n' — 6j € Z • (<?/2) by g \ ri in Theorem 13.21 Therefore n' | 2 if g = 1, and 
n' = 1 if g = 2. Anyway n = 2 holds. 

We then claim that b 2 = (a + r2) /2, which completes the lemma by (|4.9j) . 
Recall that a < r2 by Lemma 13.31 If a is odd, then the relation 262 = a 
modulo r 2 implies that 262 = a + r 2 . If a is even, then rj for i = 1,2 is also 
even by Theorem 13.21 and thus b{ is odd. We have dq. = r^/2 by Lemma 
I3.5ljujl . In particular 1 — eg 2 a/2 = r 2 /2 modulo r 2 , whence b 2 = (a + r 2 )/2 
by vq 2 = 1 and a < r 2 . q.e.d. 

The general elephant theorem for / is derived as a corollary. 

Corollary 4.14. If f is of No 15" with sc{— 1,0) 7^ 0, then the assumption 
in Theorem 14.11 holds. 

Proof. Note that b% = (a + rj)/2 for i = 1,2 in Lemma 14.131 and thus 
d(-l,0) = 1 by 02). For < j < a/2, by (j^ we have 

d(0, j) - d(-l, j) = (j - i±i) (1 + i) + B_ w - B-u-l 

By (ESI), d(0, 0) = 1 and d(0, j) = for 1 < j < a/2. Hence 

d(-l,j) - d(-l,j + 1) =(1 + 1) + S-ij+i - 2B^j + J B_ lii _ 1 




1 forj = 0, 

for 1 < j < a/2 - 1. 
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By the notation u\ := 6, —j > 0, the term B—ij+i equals 



l)( n -ui + l) n ui(n-ui) , (^' + l)(r i -n|-i; 



v 2 7% 27"? 2?"^ 

i=l,2 

^ r/ 

i=l,2 

Therefore we obtain that d(— 1, j) = for 1 < j < a/2, q.e.d. 

The following geometric statement is important in finding a component 
of S fl E intersecting H properly. 

Lemma 4.15. Suppose that f is of No 15" with g c (-l,0) / 0. Then HnE 
is irreducible but non-reduced. 

Proof. We write [HnE] = s[C] + [F] cycle-theoretically, and set (n/o)(l/ri+ 
l/r 2 ) = (H-[Hn E]) = s(H ■ C) + t/n + u/r 2 . By (H ■ C) = 1/n - l/r 2 
in Lemma 14.121 we obtain that 

1rtN s + t-n/a s + n/a-u 
(4.10) — = ^ . 

By ri < r 2 in Lemma HTHfl we have (i, it) = (0,0), (1,0) or (0,1). By 
Corollary 12.71 if [F] ^ then F = P 1 and F intersects C exactly at one of 
Qi and Q 2 , and {H ■ F) = 1/ri or respectively l/r 2 . In this case we have 
a/n < 2 by (|4.10j) . whence (a, n) = (3,2) by Lemma f4,13l Let Qi where 
i = 1 or 2 be the one which F passes through. Then (ff • F) = 1/ri and 
(S • F) = 3/2rj. Since any hidden non-Gorenstein point has index 2, the 
estimate (S ■ F) = 3/2r« implies that is an odd integer. 
The equality (l4"T0l) b ecomes 

(3s + 2)n = (3s + l)r 2 if (t, it) = (1,0), 

(3s - l)n = (3s - 2)r 2 if (t, it) = (0,1), 

whence we can set 

ri = (3s + l)k, r 2 = (3s + 2)k, if (t,«) = (1,0), 

n = (3s- 2)k, r 2 = (3s-l)k, if (i, it) = (0,1), 

for some integer k. Here s is even and k is odd by 2 { r%, whence r\ + r 2 is 
odd. On the other hand, (a/n) 2 rir 2 £' 3 = 3(n + r 2 )/2 has to be an integer 
by Lemma 12.41 which is a contradiction. Hence (H n £^) re d 1S irreducible. 

Consider the map Oy (— Ky)®Oy {Ky)®Oc — » Oc- By the description in 
Lemma f4. 121 we have ^(y + w^-fcj) = r, for z = 1,2. Thus so(— 1, 0) + 
sc*(l,0) = —2, whence sc(l,0) = —1 by the assumption and Lemma l4~TI|i]) . 
If H n E is reduced, or equivalently C = H n E, then sc(l,0) = —2 by 
^C^o -i) = 1 m Lemma EPA Therefore H HE is non-reduced. q.e.d. 

Corollary 4.16. n f 2r 2 . 

Proof. Set [FnE] = s[C] with s > 2 as in Lemma l4~T51 Then l/n + l/r 2 = 
(S ■ [H n £]) = s(5 • C) = (sa/n)(l/ ri - l/r 2 ) by Lemma Q21 whence 
r 2 /ri = (as + 2)/(as — 2). On the condition that a > n = 2 and s > 2, the 
value of r 2 /ri is contained in Z/2 only if (a, s, r 2 /ri) = (3, 2, 2) or (5, 2, 3/2). 
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In each case, either n or r 2 is even, which contradicts that bi = (a + rj)/2 
in Lemma 14.131 Hence the corollary is deduced. q.e.d. 

We recall that the strategy for the case No 16 is to choose C which inter- 
sects D properly. In No 15" we instead prove that SnE has an irreducible 
component which intersects H properly. 

Lemma 4.17. Suppose that f is of No 15" with s c (-l,0) / 0. Then SnE 
has an irreducible component which intersects H properly. 

Proof. By Corollary 14.141 the birational transform 5 on Y of a general 
elephant Sx of X is also a general elephant of Y and has at worst Du 
Val singularities. We examine the dual graph for the partial resolution 
fs - S —> Sx- (H H £7) red i s irreducible by Lemma 14.151 Suppose that 
C = (H (~1 .E)red = (S H £?)red- Then C is the only exceptional curve of fs- 
By Lemma 14. 151 and a/n > 1, the cycle [iSfl-B] has the component [C] with 
coefficient > 3. Thus the coefficient of C in the fundamental cycle, given by 
that of C in (f*Hx)\s = H\s + E\g, is > 4. Hence the dual graph of the 
exceptional curve of fs is as follows. 

o 
> 4 

By Table |2] and the list of dual graphs from Du Val singularities at the 
beginning of Section |SJ P has to be of type cE/2 and C is the curve labelled 
-F3 in the dual graph for type E-j in Section [5J Moreover, [S D E] = 3[C] 
and thus -{C 2 ) s = -{E ■ E ■ S)/9 = (1/n + l/r 2 )/9. On the other hand, 
-(F 3 ) 2 = 1/12 by the dual graph. Therefore (1/n + l/r 2 )/9 = 1/12, which 
contradicts that 3 < ri < r 2 in Lemma 14.121 q.e.d. 

Lemma 14.171 means that S Pi E has an irreducible component other than 
C. The next lemma decides SnE cycle-theoretically. 

Lemma 4.18. [S n E] = [C] + [V] cycle-theoretically, where [V] consists of 
one or two [P ]. V intersects C at and only at Q 2 - 

Proof. Write [5fli?] = x[C] + [V] cycle-theoretically and set l/r\ + l/r 2 = 
(H ■ [S n E]) = x(H ■ C) + y/n + z/r 2 . By Lemma l4~T21 we obtain that 

x — 1 + y x + 1 — z 

r\ r 2 

We have x > 1 by C C S in Lemma 14.121 and (y, z) ^ (0, 0) by Lemma 
14.171 Hence by r\ < r 2 in Lemma [4.121 we have (y,z) = (1,0) or (0,1), 
or (x,y,z) = (1,0,2). If (x,y,z) = (1,0,2) then [ SnE ] = [C] + [V] with 
(H ■ V) = 2/r 2 and the lemma holds by Corollary 14.161 From now on we 
suppose that (y,z) = (1,0) or (0,1) and derive a contradiction. 

By Corollary EE] if (y, z) = (1, 0) or (0, 1) then V = P 1 and V intersects 
C exactly at one of Q\ and Q 2 , and [H ■ V) = l/r% or respectively l/r 2 . Let 
Qi where i = 1 or 2 be the one which V passes through. Then {H ■ V)Q i = 
(H -V) = 1/rj. Since E is Cartier outside Qi, Q 2 , the isomorphism V = P 1 
implies that S is smooth along V outside Qi, whence there exists no hidden 
non-Gorenstein point on V. Thus by the map CV(<S)® ri ® Oy(— r^S*) (8> 
Oy Oy, we have r iSy (-l,0) - r»(5 • V) = -u;X.(bi). Since (5 • V) = 
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(a/2)(H - V) = a/2ri, we obtain that Wq.ibi) = a/2 modulo rj. On the other 
hand (H ■ V)g i = 1/Vj implies that Wq.(1) = 1, whence Wq.ibi) = bi. This 
contradicts that bi = (a + rj)/2 in Lemma 14.131 q.e.d. 

It is the time to complete Theorem 14.31 on the assumption that a/n > 1. 

Theorem 4.19. If f is of No 15" with discrepancy a/n > 1, then Theorem 
PI holds. 

Proof. Theorem !4.3l| H) holds when sc( — 1,0) = thanks to Lemma 14.61 
Here we consider the case sc(— 1,0) 7^ and derive Theorem l4.3t|IH) . First 
we construct the coordinates in Lemma l4. 121 using the surfaces H, E and £*. 

5tep 1. We may choose the coordinates in Lemma 14.121 so that the pre- 
images E$ , S$ on Q\ S Y$ of E, S are given by respectively xx2 = 0, X13 = 0, 
and the pre-images H$, Sf« on Q\ € y» of H, S are given by respectively 
Xl\ = 0, x 2 z = 0. 

The curve C is the intersection of S and E near Qx by Lemma 14.181 
whence we obtain the desired coordinates xxx, ^12,^13 by the description of 
Qx € C C Y in Lemma T4. 121 We consider the coordinates X21, ^23- We 
have (H-V)q 2 = (H-V) = 2/r^ by Lemma l4.18l whence H* has multiplicity 
< 2 at Q\. If ff" is not smooth at Q|, then wt X2i + wt X2J = 1 modulo r^ for 
some i,j = 1, 2 or 3 with 7^ (2, 2) by C C This implies that either 
62 = 2 or 2^2 = 1 modulo r2- However, this contradicts that 2 < a < n < r2 
and 62 = (a + r-i)/2 in Lemma 14.131 Hence -ff" is smooth at Q|) an d we can 
choose rc2i so that at Q 2 is given by x%x = 0. On the other hand, as in 
the argument before Table 01 5 1 " on Q\ G y" has a Du Val singularity at Q|, 
whence 5" has multiplicity < 2 at Q\. In fact S" is smooth at Q\ by the 
same argument as for H*. Therefore in order to complete StepQ we have 
only to prove that wtx2i ^ wtx23 modulo r^-, but this also follows from the 
equality 62 = (a + T'i)/2 in Lemma 14.131 

We have decided the cycle [S D E] in Lemma 14.181 In order to obtain the 
dual graph for the partial resolution f$ : S — > Sx , we must study the cycle 

[Hns]. 

Step 2. [H D S] = [C] + [B] cycle-theoretically, where B is the birational 
transform of the curve Hx D Sx- B intersects E at and only at Qx- 

Let chs-, che, cse denote the coefficients of [C] in the cycles [H n S], 
[H n E], [SHE]. Consider the relation (H D S) D (H f] E) C SHE. H is 
smooth at the generic point of C according to Step^ Thus we obtain that 
min{cij5, che} < cse- This implies that chs = 1 since che > 1 by Lemma 
ETTol and c S E = 1 by Lemma H7T51 Hence the equality [H D S] = [C] + [B] 
holds. Then (E ■ B) = {E ■ [H n 5]) - (E ■ C) = 2/r x , whence B intersects 
E at and only at Qx by Corollary 14.161 

The coefficient of C in the fundamental cycle is given by that of C in 
(f*H x )\s = H\ s + E\ s , and this is two by Lemma El and Step El By 
Lemma 14.181 and Steps ^ HI we obtain the dual graph for fg described in 
Theorem I4.3t|n)) . Thanks to Lemma 14.131 and Corollary 14.141 it suffices to 
prove that either (a) or (b) in Theorem I4.3l|ii)) holds. 
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Step 3. Either (a) or (b) in Theorem I4.3lfii|) holds. 

r<i — ri = 2(62 —61) by Lemma T4. 131 Set r 2 — r% = 2k. Note that if a is 
even then each hi is odd and thus k is even. We also set [HnE] = s[C] as in 
LemmaEZJ Then 1/n+l/ra = (£-[#00]) = s(S-C) = (sa/2)(l/n-l/r a ) 
by Lemma 14. 121 or equivalently n + r2 = safe. Thus 

(4.11) n = (as/2 - l)k, r 2 = {as/2 + l)k. 

On the other hand, by using the coordinates in Step 12 we can express 
H$ on Q\ € y» as X\2 ' (something) + 2^3 — 0, and E$ on Q\ G F tt as 
X21 ■ (something) + x^ = 0. Considering weights, we obtain that b\s = 1 
modulo 7*1 and &2<s = —1 modulo r2- By b% = (a + rj)/2, this implies that 
as = 2 modulo ri and as = —2 modulo r2- Therefore (as, fe) = (2ri + 2, 1) 
or (ri + 2,2) by (|4.11|) . These cases correspond to respectively (a), (b) in 

q.e.d. 



by (|4.11|) . These cases correspond to respectively 
Theorem 14 . 3lfTT|) . This completes Step El and thus the theorem. 



5. Case of small discrepancies 

In this section we study the cases left in Sections El and by using the 
general elephant theorem in the strongest form. In the former half, we pro- 
ceed with the discussion on the co-primeness of a and n after Section |31 and 
complete Theorem 11.31 We also construct examples of divisorial contrac- 
tions in the cases in the first, second, third and last lines of Tabled In the 
latter half, we prove Theorem 14 . 31 when / is of general type with discrepancy 
a/n < 1. 

According to Theorem 14. II and Corollary 14.21 we can start from taking a 
general elephant of S as the birational transform of a general elephant Sx of 
X. It is reasonable to examine the crepant morphism fg: S — > Sx in terms 
of the dual graph as in Theorem 14.31 Hence we here recall the dual graph 
for the minimal resolution of a Du Val singularity, o denotes an exceptional 
curve and • the birational transform of a general hyperplane section, and 
each exceptional curve F% is marked with its coefficient in the fundamental 
cycle. Note that Sx has a Du Val singularity of type at worst Ej at P if X 
is not Gorenstein by Table 01 



(type An) 



Ei 



E, 
— o- 

1 



(type D n ) 



Fx F2 



1 



F„ 



E 



n-l 
o 

1 



(type E 6 



F 2 

o — 

1 



F* 



2 c 
F 4 



Fi 



F, 



F 6 
— o 

1 
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(type E 7 



2 ? F 7 



— o 


F2 i*3 




F A 
— — 


Fr, 
— — 


— 


2 


3 4 


3 


2 


1 



(type E 8 ) 3 F 8 

F\ F2 F3 F4 F5 Fq Fj 
• o o o o o o o 

2 3 4 5 6 4 2 

Throughout this section, we assume that either / belongs to one of the 
cases left in Theorem 13.71 or / is of general type with discrepancy a/n < 1 
for a / 1. We let Hx be a general hyperplane section on the germ P € X, 
and H the birational transform on Y of Hx- We analyse the intersections 
H fl E and S n E to obtain the dual graph for f$: S — > 5x • In our case 
we have = S + (a/n)E since 5 gives a general elephant of F, whence 

has no embedded points and (SnE) re d is a tree of P 1 by Corollary O 
On the other hand, by Lemma f3.8l and the equality 1)4.1(1 . we obtain that 
f*Hx = H + E except for the case No 8 where f*Hx = H + 2E. Anyway 
H fl E has no embedded points and (H n E) Te d is also a tree of P 1 . 

We proceed to study the cases left in Theorem 13.71 We use the notation 
and data in Lemma 13.81 freely. By Theorems 13.71 15.11 and 15.51 we complete 
Theorem 11.31 First we treat the case No 8. 

Theorem 5.1. If f is of No 8, then a is co-prime to n except for the case 
where P is of type cE/2 and (a,n) = (2,2). This exception is placed in the 
last line of Table ^ 

Proof. We suppose the case left in Theorem 13 .71 Since (— E- [SHE]) = E 3 = 
1/6 and 6E is Cartier, we obtain that S fl E = P 1 scheme-theoretically. In 
particular S is smooth outside Q and Q'. We let C denote this irreducible 
reduced curve SPiE. E is smooth at the generic point of C, and the 1-cycle 
2[C] defines a member of Pi?°(Q_ 2 ,o)- By H ~ 25, the 1-cycle [H n E] also 
defines a member of WH°(Q-2,o)- Thus we obtain that [HnE] = 2[C] since 
h°(Q- 2 ,o) = d(-2,0) = d(0,-2) = 1 by J23> and Lemma EUH Hence the 
coefficient of C in the fundamental cycle of the Du Val singularity P £ Sx , 
given by that of C in (f*Hx)\s = H\s + 2E\s, is > 3, and the dual graph 
of the exceptional curve of fs'- S — > Sx is as follows. 

o 
> 3 

Therefore P is of type c.E/2 by Table [3 and the theorem is deduced, q.e.d. 

There exists an example of / of No 8 with discrepancy 1. 
Example 5.2. Let P G X be the germ 

o G (x? + x\ + x 2 xIxa + x\ + 4 = 0) C C* ia . aX3a . 4 /-(l, 1, 1, 0). 

P is of type cE/2. Let / be the weighted blow-up of X with weights 
wt(xi, X2, 23, X4) = (4,2,1,3). Then / is a divisorial contraction of No 8 
with discrepancy 1. 
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We treat the cases No 14 and 15'a simultaneously. If / is No 14 then Q 
is a quotient singularity by r > 6. If / is of No 15'a then Q is of type cA/r 
by r > 4, and a general elephant of the germ Q £ Y" is A2 r -i by |24| . 

Lemma 5.3. //a is no£ co-prime to n in No 14 or 15'a, then 

(i) Sx has a Du Val singularity of type Dk at P, where k > r in No 
14 and k >2r in No 15' a. 

(ii) S has a Du Val singularity at Q of type A r _\ in No 14, and of type 
A2r-i in No 15'a. 

(hi) The set-theoretic intersection of H, E, S is the point Q. 

Proof. We suppose the case left in Theorem 13.71 If Sx has a Du Val sin- 
gularity of type A at P, then H intersects SHE properly at two points 
by the dual graph for f s . Then 4/r = {H ■ [S n E}) > 1 + 2/r in No 14 
and 2/r = (H - [SHE]) > 1 + \ jr in No 15'a, which is a contradiction. 
Hence Sx has a Du Val singularity of type D or E-j at P by n = 2. In 
No 14 {H ■ [S n E]) = a'E 3 = 2/r' and r'H is Cartier, and in No 15'a 
(H ■ [S fl E\) = a'E 3 = 2/r and rH is Cartier. Thus the 1-cycle [S n E] 
consists of at most two irreducible reduced cycles. We use the trichotomy 
that S fl E is either irreducible and reduced, reduced but reducible, or ir- 
reducible but non-reduced. In the following special case, we assume that 
S fl E is reduced. 

Step 1. We may assume that SdE is reduced if f is of No 14 with (a,r) = 
(2,6) or (4,10). 

We have the surjective map /*Oy(5) -» H (Q_i,o) by Lemma l2~6l Thus 
if h (Q-1,0) > 2 then the restriction on £7 of the linear system |5| moves, 
and we can choose S so that SdE is reduced. Since /i°(Q-i,o) = 1, 0) by 
((23), the estimate h°(Q-i >0 ) > 2 holds if and only if d(0, 0)'- d(— 1, 0) < -1 
by lpH5j) . Computing d(0 3 6) - d(-l,0) by with LemrnaETSl we obtain 
StepIU 

First we prove (jmj). 

Step 2. The set-theoretic intersection of H, E, S is the point Q. 

By (H ■ E ■ S) < 1, it suffices to prove that H intersects 5 n E properly. 
If S fl E is non-reduced and if (S fl -B) re d C i?, then the dual graph of the 
exceptional curve of fs is as follows. 

Q o 

> 3 

S has a Du Val singularity at Q of type A T -\ or worse in No 14, and of type 
A<ir-\ or worse in No 15'a. By Step^and Lemma l3.8l we have r > 10 in No 
14 and r > 4 in No 15'a, whence Q € S is A-j or worse. However, there exists 
no possibility for the dual graph to be described as above. If S(~)E is reduced 
and if S E C H, then a = 2 and H n E = SHE scheme-theoretically. 
Thus is linearly equivalent to the restriction of H — S ~ Ky — E on E, 
whence can be regarded as a member of PiT°(Qi,-i)- This contradicts 
that fc°(Qi,_i) = -1) = in ||22l and (1231) . 

To complete Step |2J we need to exclude the case where S HE is reducible 
and H contains one irreducible component of S fl E. In this case the dual 
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graph of the exceptional curves of f$ is as follows. 

o Q o 

1 > 2 

S has a Du Val singularity at Q of type j4 r _i or worse in No 14, and of 
type A<i T -\ or worse in No 15'a. S is smooth outside Q since E is Cartier 
outside Q. Hence Sx has a Du Val singularity of type E 7 at P and the 
exceptional divisor E\g of fs has to be F\ + Fq or Fx + Fj. If E^s = ^1 + ^6 
then -(E\ s ) 2 = -(Fi + F 6 ) 2 = 3/4, which contradicts that -(E\ s ) 2 = 4/r 
in No 14 and 2/r in No 15'a. If E\ s = F 1 + F 7 then (F| s • F 7 ) = 0, which 
contradicts the /-ampleness of —E. Therefore Step [21 follows. 
The statement (pj follows from (jmj). 

5"tep 3. S has a Du Val singularity at Q of type A T _\ in No 14, and of type 
A<i T -\ in No 15' a. 

On the index-one cover Q$ G Y\ the local intersection number of the 
pre-images is (iltt • E* ■ Sft) Qtt = 4 in No 14 and 2 in No 15'a. Hence if / is of 
No 14 then S* is smooth at Q", because and E* are not smooth at Q^. 
Similarly, if / is of No 15'a then 5" is the restriction of a smooth divisor on 
the tangent space T Qt Y$ = C 4 of y« at QK Now Step El is deduced from 
the explicit description of the terminal singularity Q € Y. Here we should 
remark the a priori property that S has a Du Val singularity at Q. 

By Step |U we can describe the dual graph for fs as follows according to 
the trichotomy. 

(i) S n E is irreducible and reduced. 

• Q o 

1 

(ii) S fl E is reduced but reducible. 

? 1 

• Q o 

1 

(hi) S fl E is irreducible but non-reduced. 

• Q o 

2 

The type of the Du Val singularity Q G S is described in Step 01 If S (1 E is 
reduced then S is smooth outside Q, since E is Cartier outside Q. 

Step 4. Sx has a Du Val singularity of type D at P. 

If otherwise then Sx has a Du Val singularity of type E-j at P. S has a Du 
Val singularity of type at Q with k > 5 by the estimate of r' in Lemma 
13.81 and if SHE is non-reduced then k > 7 by Step^ However, there exists 
no possibility for the dual graph to be described as above, whence Step 21 is 
deduced. 
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According to Step the number of the exceptional curves in the minimal 
resolution of P E Sx is > r in No 14 and > 2r in No 15'a. Therefore the 
statement (0) follows, and the lemma is completed. q.e.d. 

In particular by Lemma Ift.Hlfij) and Tabled P is of type cAx/2 or cD/2. 
We consider the morphism /': (Y' D £/') — » (X' 3 P'), the double cover of 
/, constructed in (|3.1|) . We set aj : X' — > X and ay : Y' — > Y as in (|3.1j) . 
and set Q' := Qy 1 (Q), ii 7 := a Y H, S' := a y 5. Let T' be a general member 
of the linear system |— Ky\ = \S'\ = \a'H'\, and T' x , its birational transform 
on X' . The surface T' is a general elephant of Y', and the induced morphism 
fi" '■ T' — * T' x , is a crepant morphism between normal surfaces with Du Val 
singularities. We shall examine the type of the Du Val singularity P' G T' x ,. 

Lemma 5.4. T' x , has a Du Val singularity of type D at P' . Consequently 
P is of type cD/2. 

Proof. We claim that both Q' G S' and Q' G V are of type ^V_i in No 14, 
and of type A 2r i-i in No 15'a. Indeed by Lemma f5.3l|IH) . the class group 
of the germ Q £ S is Z/(r) in No 14 and Z/(2r) in No 15'a, and thus the 
claim on Q' G 5" follows. By S' ~ a'ii 7 ~ —Ky, we can regard 5" as a 
specialisation of I", whence P' G T" is at worst A r i_\ in No 14, and at worst 
A2 T i-\ in No 15'a. On the other hand by Lemma 13.11 the non-Gorenstein 
point Q' G Y' generates one, respectively two fictitious singularities in No 
14, respectively No 15'a. Hence the claim on Q' G T follows from the 
classification of three- fold terminal singularities. 

We have known that P is of type cAx/2 or cD/2. Suppose that T' x , has 
a Du Val singularity of type A at P'. Equivalently, P is of type cAx/2 and 
P' G S x , := a* x {Sx) is of type A. Then T' n E' must intersect a general 
member of \H'\ properly at two points, whence (H' ■ T' ■ E') > 1 + 1/r'. 
However, (H' ■ T ■ E') = 2{H ■ S ■ E) = 4/r' in No 14 and 2/r' in No 15'a, 
whence / has to be of No 14 with r' = 3 by Lemma 13.81 In this case by 
Step-in Lemma l5~3l S Pi E is reduced and S' has the only singularity Q 1 , 
which is Ai- The number of the irreducible components of 5" D E' is < 4. 
Hence we obtain that P' G S' x , is at worst Aq by counting the number of 
the exceptional curves in the minimal resolution of P' G S' x ,. On the other 
hand, P G Sx is P>% or worse by Lemma l5.3lj ijl. This contradicts Table 01 
Therefore T' x , has a Du Val singularity of type D at P', and P is of type 
cL>/2. q.e.d. 

We can restrict the possibility of the case (a, n) = (4, 2) as follows. 

Theorem 5.5. If f is of No 14 or 15'a, then a is co-prime to n except for 
the case where P is of type cD/2 and (a,n) = (2,2) or (4,2). The case 
(a,n) = (4,2) happens only if f is of No 14 with r' = 1 or 7 modulo 8. 
These exceptions are placed in the first, second and third lines of Table ^ 

Proof. By Theorem 13.71 and Lemmata 13.81 ISTH it suffices to prove the claim 
on the case (a, n) = (4, 2). Take any irreducible reduced component C = P 1 
of H n E, and set C := ay 1 (C) re d. If C is irreducible then by Lemma 
l5.3Hiii|) the induced morphism C — > C of degree 2 is ramified at and only 
at Q, which contradicts the formula 2x{Oq') = 2 • 2\{Oc) — 1 of Hurwitz. 
Hence C splits into two P 1 by the covering ay- Write [H n E] = ^ Cj[Cj] 
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cycle-theoretically. For each C{ = P we choose one irreducible component 
C\ of ay 1 (Cj) re d, and construct a 1-cycle C 1 := ^jCjfC 1 ] on Y'. If / is of 
No 15'awith (a,n) = (4,2), then (H' ■ C 1 ) = 1/2{H' ■ H' ■ E') = l/2r'. This 
contradicts that r'iiZ 7 is Cartier. Hence the case (a, re) = (4, 2) happens only 
if / is of No 14. In this case (H' ■ C 1 ) = 1/r', whence C 1 = [P 1 ] and thus 
HnE = F\ 

Suppose that / is of No 14 with (a, re) = (4, 2), and consider a normal form 
of Q G C := H n E C Y. Q is a quotient singularity of type ~(1, —1, r' + 4). 
S intersects C properly at Q with (S ■ C)q = 4/r by Lemma lo.31jiii|) . Hence 
the restriction of the defining function of its pre-image 5" on £7', whose 
weight is r' + 4, to has order 4/r with respect to t. Thus w^r' + 4) =4. 
Since r' > 5 is an odd integer and (r', 0) G Gq, we may choose semi- invariant 
local coordinates x\, x 2 , X3 with weights wt(xi, x 2 , £3) = (1, — 1, r' + 4) of the 
index-one cover G y» so that (x u x 2 , x 3 )\ C i = (t (r ' +1)/r , i( r '- 1 )/ r J t 4 / r ), 
and so that S*" is given by 23 = 0. The defining functions hjj, He of H$, E$ 
have weights 2, —2 respectively. By (i/ • E ■ S)q = 4/r, the monomials x\, 
x\ appear in respectively tin, h-E with non-zero coefficients. On the other 
hand by C C H,E, the restrictions hn\c^ and /i^lct are identically zero. 
For the terms x\ \q\ = t 2 ( r +1 )/ r in hn\ct and a^lct = ^ 2(r _1 ^ r in /i^lct to 
be cancelled out, both of the following must hold. 

(i) One of the monomials x\x^ r +1 ^ / ' 4 ) x 2 x^ +3 ^ 4 ; x% +1 ^ 2 appears in 
hii with non-zero coefficient. Their weights are respectively 2 + 
r'(r' + 5) /4, 2 + r'(r' + 7) /4, 2 + r'(r' + 5) /2. Hence r' = 3 modulo 
8, r' = 1 modulo 8, or r' = 3 modulo 4. 

(ii) One of the monomials 21X3 3 ^ 4 , x 2 x 3 r , X3 2 appears in 
Ke with non-zero coefficient. Their weights are respectively —2 + 
r'(r' + l)/4, -2 + r'(r' + 3)/4, -2 + r'(r' + 3)/2. Hence r' = 7 
modulo 8, r' = 5 modulo 8, or r' = 1 modulo 4. 

Therefore r' = 1 or 7 modulo 8, and we complete the theorem. q.e.d. 

There exist examples of / of No 14 or 15'a with discrepancy 1. 
Example 5.6. Let PGlbe the germ 

n a f X i + XAXb + x 3 +1 = A r (p4 /le-i 1 1 n n \ 

€ V x|+x5'~ 1 +x^~ 1 +X5 = J C ^i™W 2 tM,l,U,U), 

where r' is odd with r' 7^ 1. P is of type cD/2. Let / be the weighted blow- 
up of X with weights wt(xi, x 2 , 23, 24, 25) = { L ^~, 1> 1 5 r ')- Then / is a 
divisorial contraction with discrepancy 1. / is of No 14 with J = {(2r', 2)}. 

Example 5.7. (i) Let P G X be the germ 

o G (2? + 2:2x3x4 + xf + xi + x\ = 0) C C 4 lX . 22 . 3X4 /i(l, 1, 1, 0). 

P is of type cD/2. Let / be the weighted blow-up of X with weights 
wt(xi, x 2 , 23, 24) = (2,2,1,1). Then / is a divisorial contraction 
with discrepancy 1. / is of No 15'a with J = {(4, 1), (4, 1)}. 
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(ii) Let P € X be the germ 

oe(x 2 1+ x 2 2 x 4 + xf + xf = 0) C Ci lX2X3X J±(l, 1, 1, 0), 

where r' is even. P is of type cD/2. Let / be the weighted blow- 
up of X with weights wt{x\,X2,x^,x^) = (r',r', 1,1). Then / is 
a divisorial contraction with discrepancy 1. / is of No 15'a with 
J = {(2r',l),(2r',l)}. 

There also exist examples of / of No 14 with discrepancy 2. 

Example 5.8. (i) Let P G X be the germ 

,2 _j_ ^y. . fr._ _i_ _( r '+3)/4 

^4 + ^5 



/ xl + x A x 5 + x 2 x^ +:i)/4 = \ 4 /Ifi 1 1 n nl 



where r' = 1 modulo 8 with r' 7^ 1. P is of type cD/2. Let / 
be the weighted blow-up of X with weights wt(xi, X2, 23, 24, 25) = 
( 2 ~2' > ^"^5 2> 1) "*'). Then / is a divisorial contraction with discrep- 
ancy 2. / is of No 14 with J = {(2r', 2)}. 
Let P£lbe the germ 



2 , (r'+l)/2 
5f + X4X5 + x 3 

, . (r'-3)/4 r'-l 

X2 + + x 4 + X 5 

where r' = 7 modulo 8. P is of type cD/2. Let / be the weighted 
blow-up of X with weights wt(x\, X2, S3, X4, X5) = (^-, 21 y^, 2, 1, r') 
Then / is a divisorial contraction with discrepancy 2. / is of No 14 
with J = {(2r',2)}. 

The rest of this section is devoted to the proof of Theorem 14.31 when / 
is of general type with discrepancy a/n < 1. We keep the notation given 
just before Theorem 14.31 If Sx has a Du Val singularity of type A at P, 
then H intersects SHE properly at two points by the dual graph for f$, 
and consequently Theorem I4.3t|i|) holds by Lemma l4.4t|n]l . Hence we assume 
that Sx has a Du Val singularity of type D or E at P. In particular n = 2, 
3 or 4. We shall describe the partial resolution fg: S — > Sx- 

Lemma 5.9. Suppose that f is of general type with discrepancy a/n < 1 
for a / 1, and that Sx has a Du Val singularity of type D or E at P. Then 
the dual graph of the exceptional curves of fs is as follows. 

(i) / is of No 15". 




The curve C is contained in H\s- (A,B) = (1,2) or (2,1) and S 
has Du Val singularities of types A TA _\, A rs _i or worse respectively 
at Qa, Qb- S has no singularities other than Q\ and Q2 on any 
exceptional curve at the generic point of which S Pi E is smooth. 
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(ii) / is of No 16. 

Q 




S has a Du Val singularity of type A r ^\ or worse at Q. There exists 
an exceptional curve at the generic point of which S HE is smooth, 
and on any such curve, S has no singularities other than Q. If • 
intersects an irreducible reduced exceptional curve at a point other 
than Q, then this curve is contained in H\$. 

Proof. First we consider the case No 15". We claim that S n E has an 
irreducible component which passes through Q\ and Q 2 . If otherwise then 
SnFisatreeofQi s Ci = P 1 and Q 2 G C 2 = P 1 by (H-S-E) = l/n + l/r 2 . 
Hence S n E C H by Lemma l4.4lfn|) . This could happen only if a/n = 1 
and H n E = S D E scheme-theoretically. However in this case, is linearly 
equivalent to the restriction of H — S ~ Ky — E on E, because E is smooth 
at the generic points of C\ and C 2 . Thus can be regarded as a member of 
PF°(Qi_i), which contradicts that /»°(Qi,_i) = d(l,-l) = in (JZU) and 
(|2,9|) . Hence S Pi E has an irreducible component C which passes through 
Qi and Q 2 . Such a curve C is uniquely determined because (S D -E) re d is 
a tree of P . C is contained in by Lemma l4.41|ii|) . whence we obtain the 
desired dual graph by (H ■ S ■ E) = \jr\ + l/r 2 , remarking that H and E 
are Cartier outside Qi,Q 2 - 

We then consider the case No 16. In this case (a, n) = (2, 3) or (3, 4) 
by the co-primeness of a and n in Theorem 13.21 and r > a + n by Lemma 
13.31 By the surjective map f*Oy(S) H (Q-i,o) in Lemma T2.6I and the 
estimate /i°(Q-i,o) = 2 + a/n + (a/n — b)/r > 2 in (|4.2|) . there exists an 
irreducible component of 5 fl -E at the generic point of which S P\ E \s 
smooth. The desired dual graph is obtained by Lemma l4.4lfTI^ provided that 
any exceptional curve passes through Q. 

Suppose that there exists an exceptional curve not passing through Q. 
Then Snfiisa tree of Q € Ci = P 1 and Q C 2 ^ P 1 with a node Q' by 
(H ■ S ■ E) = 1 + 1/r. In particular ■ Ci) = 1/r, and S is smooth outside 
Q,Q' since is Cartier outside Q. Hence Q' is a hidden non-Gorenstein 
point of index n by (S ■ C\) = a/nr. We have C\ C H by Lemma l4.4l|ii]) . 
Thus we obtain the following dual graph of the exceptional curves of fs- 

C\ C 2 

Q o Qi o 

> 2 > 1 

S has Du Val singularities of types A r _i, A n -\ or worse respectively at Q, 
Q', and they are all the singularities of S. If (a, n) = (2, 3) then P € Sx is 
of type £^6 by Table |3J but there exists no possibility for the dual graph to 
be described as above. If (a, n) = (3, 4) then P G Sx is of type by Table 
E3 and (Ci, C 2 ) = (Fj, F x ) for 5 < Z < A; - 3 or (F,, F fe ) for r < I < k - 4 up 
to permutation. If (d, C 2 ) = (F, F x ) then E\ s = F 1 + F and (F| s ■ d) = 
(Fi + F • F) = 0, which is a contradiction. If (C 1 ,C 2 ) = (F,F fc ) then 
E\ S = F l + F k and -(F| s ) 2 = -(F + F k f = l/l + l/(k - I) < 1/r + 1/4, 
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which also contradicts that — (E\s) 2 = —[E ■ E ■ S) = 1 + 1/r. Therefore 
any exceptional curve passes through Q, and the lemma is deduced, q.e.d. 

We shall narrow down the possibilities of fg by using Lemma 15,91 

Lemma 5.10. If f is of general type with discrepancy a/n < 1 for o / 1, 
then Sx has a Du Val singularity of type A or D at P. 

Proof. Indeed if Sx has a Du Val singularity of type £7, then (a, n) = (2, 2) 
and thus / is of No 15" by Theorem l3.2l Moreover, 2 | n, r 2 by Theorem 13 .21 
and 4 | r\,r<i by eQ 1 = r±/2 + 1, eg 2 = r2/2 + 1 in Lemma ESKI1)- However, 
there exists no possibility for the dual graph to be described as in Lemma 
I5~9l 

If Sx has a Du Val singularity of type Eq, then (a, n) = (2,3) or (3,3) 
and thus r 2 > 5 by Lemma 13.31 If / is of No 15" then E\$ has to be 
F3 up to permutation by Lemma 15.91 In this case r\ = 2, r 2 = 5 and 
-{E\ s f = 1/n + l/r 2 = 7/10, which contradicts that -(F 3 ) 2 = 3/10. On 
the other hand, if / is of No 16 then E\s has to be either Fx, F2, Fx + F 2 
or F2 + Fq up to permutation by Lemma 15.91 Then — (E\s) 2 is respectively 
-(Fx) 2 = 1/2, -(F 2 ) 2 = 3/4, -(Fx + F 2 ) 2 = 4/5, -(F 2 + F 6 ) 2 = 1, which 
contradicts that —(E\s) 2 = 1 + 1/r. q.e.d. 

Therefore for Theorem 14.31 the case where P € Sx is of type D remains. 
We list all the possibilities of the exceptional locus of fs in Tables [7| and El 
up to permutation by Lemma 15.91 



Table 7. / is of No 15" and P G Sx is of type D k . 



E\s 


-(^Is) 2 






Fx + F h 2 < I < k- 3 


1 




< I - 1 


F h 2 < I < k - 3 




< / 




F t + 2F m , 2<l <m<k-2 


1// + l/(m - 


< / 


< m — I 


2F t + F m , 2 < I < m < k - 3 


4// + l/(m - 




< m — I 


i 7 } + F k , 2 < I < k - 3 


i/i + i/(fc-0 


< / 


<k-l 


F, + F fc _i + F fc , 2</< fc-3 


1/1 + l/(fc — Z — 1) 


< / 


<k—l—l 



Table 8. / is of No 16 and P is of type D k . 



E\ S 


-(E\sY 


r 


Fx 


1 






Fx + 2F,2<l<k-2 


1 + 1/(1-1) 


< I ~ 


1 


Fx + Fk 


l + l/(fc-l) 


< k- 


1 


Fx + F k _x + F k 


l + l/(fc-2) 


< k- 


2 


Fk 




< k 




Fk-x + Fk 


4/(fc - 1) 


<k- 


1 



In Table [7[ the case = Fx + Fi does not occur by (E\s ■ F{) = 0, 
the case E\s = F\ does not occur by — (E\s) 2 = 1/n + 1/^2, and the case 
E\ s = 2Fi + F m does not occur by (E\ s ■ F m ) = l/(m - I) > 0. If / is of 
No 16 and if P G Sx is of type D, then (a, n) = (3,4) by Theorem 13.21 and 
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r > 7 by Lemma 1331 Hence the cases E\s = F±, Ff., F^-i + F^ in Table |S1 
do not occur by — (E\s) 2 = 1 + 1/r. By this observation and the equality 
— (E\s) 2 = 1/n + l/ r 2 with Tables and ISJ we obtain the following lemma. 
Here the curve C in Lemma 15 . 1 1 1 st ands for F[ in Table [7| for No 15", and 
Ft in Table El for No 16. 

Lemma 5.11. Theorem 14.31 holds except for the case where f satisfies the 
following conditions. 

(i) Sx has a Du Val singularity of type D at P. In particular n = 2 or 
4. 

(ii) S has a Du Val singularity of type A rQ _i at each Q £ I . 

(hi) [S n E] = [C] + [V] cycle-theoretically, where [V] consists of one or 
two [P 1 ]. V intersects C at and only at Q2 in No 15" and Q in No 
16. 

(iv) [SDH] = [C] + [B] in No 15" and [S n H] = [B] in No 16 cycle- 
theoretically, where B is the birational transform on S of Hx\s x - 
B intersects E at and only at Q\ in No 15" and Q in No 16, except 
for the case T\ = 2 in No 15" . 

(v) {H ■ C) = 1/ri — 1/^*2- In particular 7*1 < 7*2. 

It is the time to complete Theorem 14.31 

Theorem 5.12. // / is of general type with discrepancy a/n < 1, then 
Theorem 14.31 holds. 

Proof. It suffices to study the case left in Lemma 15.111 We derive Theorem 
Oipi in this case. Since SHE and thus S are smooth along C outside the 
singularities in /, there exists no hidden non-Gorenstein point on C. We 
first exclude the case No 16. If / is of No 16 then (a, n) = (3, 4) by Theorem 

Step 1. / is of No 15" . If(a,n) = (3,4) then V is non-reduced. 

Indeed, if (a, n) = (3,4) then we have the divisor -Di,-i = Ky — E = 
(l/4)iJ and (-Di,-i ■ V) = l/2?"2. Hence V has to pass through a hidden 
non-Gorenstein point, say Q' . In particular V is non-reduced since V is 
the intersection of S and E outside C. We shall exclude the case No 16. 
If / is of No 16 then (D\^\ ■ C) = (r — l)/4r, whence (7* — l)/4 is an 
integer. On the other hand, also (r+l)/4 must be an integer by the equality 
h°(Q-i,o) = 2 + (3(r + l)/4-6)/r in This is a contradiction, and Step 

His deduced. 

For the case No 15", we shall construct good semi- invariant local coordi- 
nates xn, X{2, X13 with weights wt(xji, Xj2, x&) = (1,-1, h) of the index-one 
cover Q\ G at each non-Gorenstein point Qi on C for i = 1, 2. 

Step 2. We may choose the coordinates xn,Xi2,X{3 so that 

Q/ G C« C = o G (x^-axis) C . 

Moreover, the pre-images are given by respectively 

x\2 = 0, 2*13 = 0, and the pre-images H$ , on Q\ G o/iT, 5 are <?wen 
6y respectively x%\ = 0, X23 = 0. 
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S has a Du Val singularity of type A ri -\ at each Qi. Thus is smooth 
at Q\ since the class group of the germ Qi E S is Z/(rj). Hence we may 
choose the coordinates so that Q\ E 5" is given by Xiz = for each i. The 
equality (H ■ V)q 2 = 2/ r 2 implies that H$ has multiplicity < 2 at Q 2 , and 
has multiplicity 2 only if V = P 1 . If H$ is not smooth at Q\, then 
(a, n) ^ (3, 4) by Step ^ Hence a and n has a common divisor 2 and thus 
T2 is even by Theorem 13.21 This contradicts the equality wt X2% + wt X2j = 1 
modulo r2 for some i,j = 1, 2 or 3. Thus H$ is smooth at Q\. In order 
to obtain the coordinates a: 2 i, a; 22 , x 2 3 in Step [21 we have only to prove that 
62 7^ 1. Since re&2 = a modulo r2 and r 2 > r% > 2, the equality 62 = 1 
holds only if (a,n) = (2,2) or (4,4). However if (a,n) = (2,2) or (4,4) and 
62 = 1) then 62 = 1 and d\ = 0, which contradicts Lemma l3.5t|n)) . Therefore 
62 7^ 1 and we obtain the desired coordinates X21, £22, £23- m particular, 
wg a (l)=f2-l. 

By the map 0y (H)® r ^ 2 <g> 0y (-r^5) <g> O c £>C, we have s c (0, -1)- 
(# • C) = -^(lj/n - u>g a (l)/r 2 . By «^ a (l) = r 2 - 1 and (H ■ C) = 
l/r\ — 1/^2, we obtain that Wq^(1) = 1 modulo r\. Hence we may choose 
the coordinates x\\, x±2, X13 which satisfy all the conditions in Step HI but 
the condition that Eft is given by xyi = at Q\. However, we can obtain 
this condition because C is the intersection of 5 and E near Q\ and its 
pre-image C" at Q\ is given by the xn-axis. 

Step 3. (a, n) = (2,2). 4 | r{ and b{ = r%/2 + 1 for each i. 

By the map Y {S)® rrr2 ®0 Y {-r 1 r 2 S)®Oc -» O c , we have s c (-l,0) - 
(5 • C) = -^(feO/ra - w%Jb2)/r 2 . Since wg^&i) = h and w§ 2 (6 2 ) = 
r 2 - 6 2 by Step H we have (S ■ C) = h/n - b 2 /r 2 + sc(-l,0) + 1. On 
the other hand (S ■ C) = {a/n){H ■ C) = (a/n)(l/r\ — 1/7*2) by Lemma 
15.111 whence (a/n — bi)/r\ = (a/n — b 2 )/r2 modulo Z. Thus we obtain that 
(a, n) = (2, 2) as in the proof of Lemma 14.131 The rest of Step El follow from 
6j = Ti/2 + 1 in Lemma • 

By Lemma 15 . 1 1 1 and the above steps, it remains only proving (b) in The- 
orem I4.3ljnj) . However the proof of Step 01 in Theorem 14.191 is valid also in 
our situation. Therefore the theorem is completed. q.e.d. 

6. DlVISORIAL CONTRACTIONS TO POINTS OF TYPE CA/n 

In this section we prove the ordinary case (0) of Theorem ll.il Our strategy 
for the classification is to determine E in the sense of valuation by applying 
the next lemma, which is a reformulation of |14| Lemma 6.1]. We recall 
that for a proper birational morphism Z —> X, the centre of E on Z is the 
locus ^z^yIE) for a common resolution of singularities W of Y and Z with 
vry: W -> Y, ir z : W -> Z. 

Lemma 6.1. Let f : (Y D E) —* (X BP) be a germ of a three-fold divisorial 
contraction to a point P of index n identified with 

P £ X = o E ((f) = 0) C X := C XlX2X3X4 /—(wt xi, wt x 2 , wt X3, wt X4). 
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Leta/n denote the discrepancy of f , andrrii/n the multiplicity of Xi along E. 
Suppose that (mi/n, 777.2/n, m^/n, m^/n) is primitive in the group N := Z 4 + 
Z(wtxi/n,wtx2/^,wtx3/n,wtx4/n). Let d/n denote the weighted order of 
<fi with respect to weights wt(x±, X2, x%, X4) = (rni/n,m2/n,m3/n,mi/n), 
and decompose 4> as 

4> = <Pd/n(xi,X 2 ,X 3 ,X 4: ) + 0>d/„(xi,X2,X3,X 4 ), 

where 4>d/ n * s the weighted homogeneous part of weight d/n and 4>>d/n ^ the 
part of weight > d/n. Set c/n := m\/n + m^/n + m^/n + m^/n — 1 — d/n. 
Let g: [Z D F) — > [X 3 P) be the weighted blow-up of X with weights 
wt(xi, X2, X3, 24) = (mi/n,m2/n,ms/n,m/i/n), F its exceptional divisor, 
and Di the birational transform on Z of the Q-Cartier divisor Xi = on 
X. Let Z denote the birational transform on Z of X, and g: Z — > X the 
induced morphism. Suppose that FnZ defines an irreducible reduced 2-cycle 
[F] on Z. We suppose that Z is smooth at the generic point of F, and that 
dim(SingZ D Z) < 1. Let L denote the centre of E on Z. Then, 

(i) L <2 Ui<j<4^ ) i; an d F has multiplicity 1 along E. 

(ii) If L j^z F and Z is canonical at the generic point of L, then c/n < 
a/n. 

(iii) If L = F, then c/n = a/n and f — g over X. 

Proof. Z is normal by the criterion of Serre, and F is a Q-Cartier anti-/- 
ample divisor. Let M and Mi for 1 < i < 4 denote the multiplicities along 
E of F and F>i\z- Then m; = Mnii + Mj for each i. On the other hand, 
at least one Mj equals zero by f -> | 1<i<4 = 0, whence M = 1 and Mj = 
for all i. This implies (0). The rest (|nj) and (flu]) follow from M = 1, the 
adjunction formula Kz = g*Kx + {c/n)F and j!21 Lemma 3.4]. q.e.d. 

The morphisms g and 5 in Lemma lfi.ll are described in terms of toric 
geometry. In the situation of Lemma l6.1| we identify P € X with the germ 
of the toric variety corresponding to the fan generated by e\ := (1,0,0,0), 
. . . , e*4 := (0, 0, 0, 1) in N, and / with the operation of adding the ray 
generated by the primitive vector e := {mx/n^rn^/n^rn^/n^^/n). Then Y 
is covered by four charts fTj for 1 < i < 4, where Ui corresponds to the fan 
generated by e and all ej with j ^ i. Note that U% = Z\ Di. 

We proceed to the classification in the cA/n case. Prom now on, we as- 
sume that f:(YDE)—* (X 3 P) is a divisorial contraction to a point of 
type cA/n with n > 2. The classification of / has been obtained when P is 
a terminal quotient singularity by Kawamata in , and when the discrep- 
ancy a/n is 1/n by Hayakawa in [101 Theorem 6.4]. We can immediately 
verify that Theorem ll.H|!|) holds in these cases. Therefore in this section 
we assume that a > 2 and that P is not a quotient singularity. Then in 
particular / is of general type by Theorem 11.31 and Corollary 12.51 and thus 
we can use Theorem 14.31 the general elephant theorem in strong form. The 
dual graph belongs to the case (0) of Theorem 14.31 

We follow the notation in Section 0J We let Hx be a general hyperplane 
section on the germ P € X and H its birational transform on Y, let S 
be a general elephant of Y and Sx its birational transform on X. Then 
f*H x = H + E by <HU), and f*S x = S + (a/n)E. According to Theorem 
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I4.3l|i)) . the surfaces H, E, S intersect properly at and only at two points Q\ 
and Q2 of Y. Qi, Q2 correspond to the points Qi, Q2 in / in No 15", and to 
a smooth point and Q in I in No 16. We let ri, r 2 denote the local indices 
of Y at Qi, Q 2 . By (H ■ E ■ S) = (a/n)E 3 = l/n + l/r 2 in Table H we have 
the local intersection number (H ■ E ■ S)q i = l/r^ for each i. In particular 
we may choose semi- invariant local coordinates xn , 2j 2 , x«3 of the index-one 
cover Q\ G Y" of the germ Qi G Y so that the pre-images H\ E\ S* on 
Qf G Y« of P, P, 5 are given by 

(6.1) ff* = (2*1 = 0), P» = (x i2 = 0), S* = {x i3 = 0). 

We let h a H x , h n s x denote the defining functions on X of aHx, nSx re- 
spectively We can regard h a H x and h n s x as elements in the vector space 
V a := f Jf Oy(—aE)/f^Oy(—(a + 1)P)- The following lemma plays a pivotal 
role in applying Lemma 16.11 

Lemma 6.2. h a u x and h n s x are linearly independent in V a . 

Proof. The statement means that any function h := c\h a u x + C2h n s x for 
c\ y c 2 G C with (ci, C2) 7^ (0, 0) has multiplicity a along E. By the description 
(|6.1j) , on the germ Q j G Y the function /i a # x , /i n s x are expressed as /i a # x = 
u\xf t xf 2 and /i n s x = ^a^a^, where u\, u 2 are units. Then h is expressed 
as /i = (ciuix^ + c 2 u 2 x" 3 )x" 2 , whence h vanishes with multiplicity a along 
Xi2 = 0, that is, along E. Thus the lemma is deduced. q.e.d. 

We shall choose a good identification of P G X in Theorem 12.21 

Lemma 6.3. We may choose the identification 

(6.2) P G X * o G (0 := xix 2 + x 4 ) = 0) C C* i;TO4 /~(l, -1, 6, 0) 
so i/iai /in5x — x 3; haH x = £4 modulo f*Oy(— (a + 1)P). 

Proof. Take the index-one cover P" G X" of P G X, and let , hn x denote 
the defining functions of the pre-images of Sx , Hx ■ The lemma follows from 
standard argument on coordinates change. Since Sx has a Du Val singularity 
of type A at P, we can take the identification (|6.2|) so that h$ x = X3 + 
(non-linear terms), see |24| Corollary 4] for example. Since Hx is a general 
hyperplane section on X, we can set hn x = £4 + x\p{x\, x%) + q(x 2 ,x^) 
modulo f*Oy(—2E). By making coordinates change in which x^+xip 1— > £ 4 , 
we eliminate xi from hn x modulo f*Oy(— 2E). The same argument yields 
the coordinates in which hn x = X4 modulo f*Oy(— 2E). 

We have preserved the coordinate X3 in the above argument, whence 
h$ x = X3 + (non-linear terms). Suppose that we can write hn s = X3 + 
U\Xip(xi, x 2 , X4) + U2q(x2, X4) modulo f*Oy(— Ky — E), where u\,u 2 are 
units. Then by the coordinates change in which X3 + u\X\p 1— > X3, we 
obtain a new identification 1)6.2(1 in which hn s = UiX3+x™~ p^r^Xi, x 2 , X4) + 
u 2 q(x2, X4) modulo f*Oy(— Ky — E), where v\ is a unit. Repeating this 
argument, we can eventually obtain the desired coordinates. q.e.d. 

We proceed to apply Lemma I(TT1 to /. Let rrii/n denote the multiplicity 
of Xi in Lemma 16.31 along E. Then m^/n = a/n and m^/n = 1. We 
distribute the weights by wt(xi, x 2 , X3, x 4 ) = (mi/n,m 2 /n,a/n,l). For a 



THREE-FOLD DIVISORIAL CONTRACTIONS 



15 



semi-invariant function h, we let w-ord h denote the weighted order of h 
with respect to these weights. Set D := w-ord 4> and decompose <f> as <j> = 
4>D + 4>>D as in Lemma l6~Tl 

Lemma 6.4. w-ord g = m\jn + m,2/n. Consequently D = m\jn + m,2/n 
and 4>d = x\X2 + gD{x n ,Xi), where go is the weighted homogeneous part of 
weighted order D in g. 

Proof. Set Dq := w-ord g and let gjj denote the weighted homogeneous part 
of weighted order Dq in g. It suffices to prove that Dq = m\jn + m^jn. 
If Dq > m\/n + 7712/n then X1X2 = —gD G DqE), which is a 

contradiction. Hence -Do < m\/n + m^/n, and it suffices to prove that 
<7A) I*Oy{—{Dq + This #£) always decomposes into a product of 

the monomial x^ a L D °/ J anc j [£) /aJ linear combinations of the monomials 
X3 and £4. The function X4 has multiplicity 1 along E, and any function 
defined by a non-zero linear combination of x 3 and x\ has multiplicity a by 
Lemmata 16. 21 and Hence go Q has multiplicity Dq along E, and thus the 
lemma is deduced. q.e.d. 

By using Lemma 16.41 we shall verify the assumption of Lemma 16.11 for 
/. Set N := Z 4 + Z(l/n, —1/n, b/n, 0) and e := (mi/n, ms/n, a/n, 1). It is 
obvious that the exceptional divisor F of the weighted blow-up g constructed 
in Lemma 16. II is irreducible and reduced. 

(i) N is generated by e, e^, e*3, e*4 and 

1 / _ mi + m 2 _, —bm\ + a ^ 

(-1/n, 1/n, -o/n, 0) = — -e H e 2 H e 3 + e 4 

mi V n n 

We see that 

fr _ /r 4 1 1 / , m i + m 2 -bmi + a 

x 1 x 2 x 3 x i i mi v n n / 

/ \ / /mi/n imz/n / /a/n / / /\ 

^Xi, X2, X3, X4J — (^Xi , Xi X 2 ,Xi X3,XiX 4 J. 

In particular SingZ C (x' x = x 4 = 0). is given by 

x'2 + 3d (^3 j ^4) + a^i • (something) = 0, 
whence SingZ]^ is contained in 

(x[ = x 4 = x 2 + gD(x' 3 n , 0) = 0). 

(ii) £7 2 = C 4 , , , J±(™iM 1 1), SingZU is contained in 

(4 = ^ = si+ 5r ,(x' 3 n ,0) =0). 

(hi) is generated by e%, e 2 , e, e*4 and (—b'/n, b' /n, —1/n, 0) for an inte- 
ger b' with 66' = 1 modulo n. E7 3 = C 4 ,^, x , /i(^±2ii, ^±^, -1, 
SingZ|£j 3 is contained in 

{x 4 -axis} U (x 3 = x 4 = X1X2 + <7d(1,0) = 0). 

(iv) U4 = C^ x ,^ x ,J±(l,-l,a, 0). SingZ|j7 4 is contained in x 3 -axis. 

Therefore the assumption of Lemma l6.ll holds, and SingZ C IJi<i<4-^»- 
Since c/n := (mi/n + m 2 /n + a/n + 1) — 1 — D = a/n by Lemma 16.41 we 
can deduce the following theorem from Lemma 16. II 
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Theorem 6.5. f — g over X . Hence f is the weighted blow-up with weights 
wt(xi,X2,X3,x 4 ) = (mi/n,m 2 /n,a/n, 1). 

Therefore Z = Y must be terminal. Z has a quotient singularity of 
type ^-(— 1, ~ bm ^ +a , 1) at the origin of the chart Ux, and has a quotient 
singularity of type ^-(— 1, bm ^+ a ; l) at the origin of the chart XJi- Hence mi 
is co-prime to (—bmx + a)/n, and m2 is co-prime to (brri2 + a)/n. On this 
condition, Z is terminal on the chart U% only if Z does not pass through the 
origin of U3, or equivalently g£>(l,0) 7^ 0. Now it is obvious that / can be 
expressed as in Theorem ll.llj ij). We can also verify that any / in Theorem 
ILllj ij) is a divisorial contraction by using Lemma l6.6l Therefore we complete 
Theorem ll.llj ijl . 

Lemma 6.6. Let a, n, b, b' , r\, r2 be integers which satisfy the following 
conditions. 

(i) bb' = 1, a = brx modulo n, and rx + T2 = modulo an. 

(ii) (a — brx)/n is co-prime to rx- 

Then (a-\-br2) / 'n is co-prime to r?,, and (rx—b' a) /n, {r2 + b'a)/n are co-prime 
to a. 

Proof. Set g := gcd(a, n), a = ga', n = gn'. Then go! = brx modulo gn'. 
Since b is co-prime to n = gn', we have g \ rx and thus g \ r%. Set rx = gr[, 
r 2 = g r 2- Then {a! — br'^/n' is co-prime to gr[, whence gcd(o' — br[, r[) \ n' . 
This implies that a' is co-prime to r[, and thus a' is co-prime to r' 2 by 
r 'x + r 2 = modulo a'n'g. On the other hand by g \ —b(r[ + r' 2 )/n' = 
{a' — br[)/n' — (a' + br' 2 )/n' , we obtain that (a' + br' 2 )/n' is also co-prime to 
g. Therefore (a+br2)/n = {a' +br 2 ) / n' is co-prime to r2 = gr 2 . We have seen 
that a' is co-prime to r[. Since 6(r^ — b'a')/n' = (br[ — a')/n' modulo g, we 
obtain that (r[ — b'a')/n' is co-prime to g. Hence (rx — b'a)/n = (r[ — b'a')/n' 
is co-prime to a = ga' . Similarly, (r2 + b'a)/n is co-prime to a. q.e.d. 

7. The exceptional case of type cD/2 

We have obtained Theorem 11.31 in Sections |31 and |SJ and this implies 
Theorem 1 1.1 ijn)) in the case where / is of exceptional type by Corollary 12.51 
We have proved Theorem ll.H|i)) in Section |BJ In this section we study the 
case (JnJ of Theorem 14.31 to complete the theorems stated in Section ^ We 
need to prove that in this case P is of type cD/2 and / is described as 
in Theorem 11.21 It should be emphasised that whichever type in Table |1] 
/ belongs to, we can apply the method of explicit description of / below 
by formal modification. Throughout this section, we keep assuming that / 
belongs to the case (jnj) of Theorem 14.31 In particular P is of type c^4x/2 or 
cD/2 by Table 01 We first provide examples of Theorem 11.21 

Example 7.1. (i) Let P G X be the germ 

oe(x\ + xlx A + xf +l)/a + x r 4 +1 = 0) C Ci im /±(l, 1, 1,0), 

where a | r + 1 and a, r are odd with r / 1. P is of type cD/2. Let 
/ be the weighted blow-up of X with weights wt(xi, X2, x%, £4) = 
((r + 2)/2, r/2, a/2, 1). Then / is a divisorial contraction with dis- 
crepancy a/2, f is of No 15" with J = {(r, 1), (r + 2, 1)}. 
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(ii) Let P G X be the germ 

06 . (r+2)/a . n C (L /-(!,!,!, U,l), 

V ^2^4 + £3 +^5 = 0/ i^^io^ 

where a | r + 2 and (r + 2)/a is odd with r / 1 and a / r + 2. P 
is of type cD/2. Let / be the weighted blow-up of X with weights 
wt(xi, x 2 , x 3 , x 4 , x 5 ) = ((r + 2)/2, r/2, a/2, 1, (r + 4)/2). Then / is 
a divisorial contraction with discrepancy a/2, f is of No 15" with 
J = {(r,l),(r + 4,1)}. 

We start with computing the dimensions of the vector spaces 
V®(i) :=f*0 Y (-iE)/f*0 Y (-(i + l)E) (i G Z), 

:= ^o r (ir y - (i + o/2)£) 

/f*Oy(K Y - (i + l + a/2)E) (t + o/2 € Z). 

Define V^(i) for every j G Z/2 by setting V^(i) := if i + ja/2 Z. The 
vector space (i) is regarded as the space of semi-invariant functions on 
X with multiplicity i along E and with weight j. We set 

V(i) := V [0] {i) ®V [1] (i). 

We define the finite set 

N k (i) := {f= (hJ 2 ,k,U) 6 Z| j ^-^1 + y/ 2 + |*3 + *4 = », ^1^2 = 0} 

for i G Z/2 and k = 2,4, and decompose it as 

JV fc (i) = ivf (OuW^i), 

where JV^OO := {f € iV fc (i) | Zi + Z 2 +Z 3 = j modulo 2}. Note that ivj' ] (i) = 
when i + ja/2 Z by a = ri modulo 2. 

Lemma 7.2. dim V"l>'](») = #N®_ ri (i). 

Proo/. We have dimV^^') = d(j, -i — ja/2) for i > -a/2 with i + ja/2 G Z 
by (|2~H|). and j6Q fc - (i + ja/2)v Qk = -(i + jr fe /2) modulo r fc for fe = 1,2 
by Theorem 14 . 3tfTT^ , Set := i + jrk/2. Thus by ([2.6)1 . for any i > with 
i+ja/2 G Z, 

dim V [1 ~ jl (i - a/2) - dimV [j] (i) 

V 2/ In r 2 / f-A 2r fc 2r fc 



fc=l,2 K 



Hence for any i > with z + ja/2 G Z, 

(7.1) dim V [jl (t) - dim (i - a/2) = 1 - j + V I — + J - 

.^Xrh 2. 



-Th 
fc=l,2 ' 
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On the other hand, we have a decomposition 

A^U« ={{h,h, h + 1, k) | f G iV^lJCi - a/2)} 
U{fGiVf 2 L n (i) | /i,/ 3 = 0} 

□ {fe^l^i) | h,h = o, h > l}. 

Hence for any i > with i + ja/2 G Z, 
(7.2) #^U(0- #^4(^-0/2) 

=#{f G N^_ ri (i) | Z X ,Z 3 = 0} + #{f G JVjJ_ Pl (t) | / 2 ,/ 3 = 0, Zi > 1} 



1 + 



in/2 \ , a , i-(2-j> 2 /2 



fc=l,2 



ri 



+ i + 



r-2 



The lemma holds trivially if i < or i + ja/2 Z. Therefore the lemma 
follows from (fT~Tj) and (fT2|) . q.e.d. 



We shall find bases of the vector space V(i) in terms of any identification 

,1 
2 ( 

For a semi-invariant function /i, we let mult^/i denote the multiplicity of h 
along E. 



PgX- O g(</> = 0)c C A X1X2X3X J-(1, 1, 1, 0). 



Lemma 7.3. (i) mult£;X4 = 1 and mult^Xj > a/2 for any i = 1,2,3. 

There exists some k = 1, 2, 3 with multe x^ = a/2. By permutation 
we may assume that x& = x%. 

(ii) The monomials x\ and x\ are linearly independent in V^(a). For 
i < ri/2, the monomials x^x^ for (0,0, I3J4) G N r2 - n (i) form 
bases ofV(i). In particular for k = 1, 2, mult^x^ > r\/2 for x^ : = 

*k + E (0l 0,/3,/ 4 ) e U S <1< n <L n (i) C «3U4 8 ^ ^ S0TOe C ^4 G C. 

(iii) There exists some k = 1,2 u>i£/i mult^x^ = ri/2 suc/i i/iai i/ie 
monomials x^ and x 3 3 x 4 4 /or (0,0, ^5/4) G N r2 - ri (r%/2) form bases 
ofV{r\/2). By permutation we may assume that x^ = Xi- 

(iv) One of the following holds. 

(a) X2X4 and x 3 3 x 4 4 for (0,0,^3,^4) G iV^L n (ri/2 + 1) are lin- 
early independent in V^(r\/2 + 1). In this case mult^xi = 
r 2 /2for Xl ^^+E (0) , 2) , 3!Z4)6U ^^ <1 ^ ln(i) Q 2i3 u4 2 4 3 4 4 
with some ci 2 i 3 i 4 G C. For i < (ri + r 2 )/2, the monomials 
x^X2 x i x i f or I £ ri(*) /orm frases ofV(i). 

(b) X2X4 anc? x 3 3 x 4 4 /or (0,0, Z3 , Z4) G iV^_ ri (ri/2 + 1) are linearly 
dependent in V"M (ri/2 + 1). T/iey Ziaue one non-trivial relation 
of form ip := x 2 %A + /i(x3,X4) = /or which the monomial 
2; ( r i+ 2 )/ a a pp ears i n n w ith non-zero coefficient. In this case 
r2 = ri + 4, (n + 2)/a is odd, mult^ ip = r 2 /2 and mult^xi = 
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some ci 2 i 3 i 4 £ C. For i < (r\ + r2)/2, there exists a natural 
exact sequence 

0^ C-x^x^x^x^ip 

r6iV" 2 (i+l-r 2 /2) 

c-^xffa^i 4 © c • 4 3 4 4 ^ -» -> °> 

feJV a (i) (0,0,« 3) U)eiV'a(i-r2/2) 

w/iere := {f G Z| | (r 1 /2+l)/ 1 + (ri/2)/ 2 + (a/2)/ 3 + / 4 = 

•}. 

Proof. dimy[°](l) = 1, dim V"W (a/2) = 1 and dimVPJ(i) = for i < a/2 
by Lemma 17.21 and a < n < r<i in Theorem I4.3t|ii]) . This implies (0). 

By permutation we may assume that multE^3 = a/2. The linear in- 
dependence of x\ and x\ is obtained by the method in Lemma 16.21 By 
dimVf°'(l) = 1, a general hyperplane section Hx on X has the defining 
function X4 + g# = with mult^g^ > 2. Similarly by dim (a/2) = 1, 
a general elephant Sx of X has the defining function X3 + g$ = with 
mult £ 55 > a/2 + 1. In Step ^ in Theorem 14.191 and Step |2] in Theorem 
I5.12( we have seen that we may choose the local coordinates X21 , 222 , £23 
with weights wt(x2l> x 22, ^23) = (1 ; — 1^2) of the index-one cover Q\ £ Y$ 
so that the pre-images are given by respectively X21 = 0, £23 = 0. We 

let h denote a semi-invariant function with weight —1 on the germ Q\ £ 
which defines E. Then on Q2 £ Y the functions expressed as 

x| = U3a;23/i a + P3 and X4 = u^x\ x h a + £>4, where U3, U4 are units and 
P3,Pi £ (/i a+1 ). Then, in order to obtain the linear independence of S3, xf, 
we need to show that /?. does not divide any function C1X23 + c^x^x for units 
ci, C2 with (ci, C2) 7^ (0, 0). This follows from wt X23, wt x\ z ^ —1 modulo T2 
by 62 = (a + f2)/2 with a < n < r2 — 2. 

Because of the linear independence of £§, X4, for any i £ Z/2 the monomi- 
als X3X4 for (0, 0, Z3, Z4) £ N r2 _ ri (i) are linearly independent in For, 
every linear combination of the monomials x 3 3 x 4 4 for (0, 0, Is, h) £ A^L n (i) 
decomposes into a product of x 3 , X4 0/ 2 +b/ a i/ 2 J) a an j |jy a — j/2j linear 
combinations of x\,x\. Set W(i) as the linear subspace of V(i) spanned by 
these monomials, and decompose it as W(i) = W^(i) © by setting 

WW(i) ■= W(i) n Vb1(i). Then dimW^(») = #iV^L ri (i) for i < n/2 and 
thus we obtain (Jul by Lemma 1731 

The vector space V(r±/2) is spanned by xi, 22 and W(ri/2) by l|u|). Since 
dimV(ri/2) = dimVF(ri/2) + 1 by Lemma 17.21 we obtain (jmj). By permu- 
tation we assume that x~2 forms a basis of V{r\/2)/W{r\/2) = C. Then 
multe^ > n/2 + 1 for x[ := Xl + E (0iW3ik)6JV [i] (ri/2) c hhh^£ '' x 3 ' x 4 with 
some ci 2 i 3 i 4 £ C, and V(ri/2 + 1) is spanned by the monomials 
with f £ N 2 (n/2 + 1). If r 2 = n + 2 then by diml/(r 2 /2) = #N 2 (r 2 /2) in 
Lemma l7.2| the monomials above form bases of V(r2/2). Setting £1 := 
we obtain the claim (Jivjl (a) for i < r 2 /2. The rest of (|rv]) (a) follows from 
this and Lemma 17.21 inductively. If r2 = T\ + 4 then dimV'°'(ri/2 + 1) = 
#ivj 0] (ri/2 + 1) = #Ar| 0] (n/2 + 1) but dim (n/2 + 1) = #ivf ] (n/2 + 
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1) = #N 2 (ri/2 + 1) — 1. Hence the monomials x[, x 2 x^ and x^x^ in 
W^ l \r\/2 + 1) have one non-trivial relation, say ip = 0, in V"M(ri/2 + 1). 
If x' x appears in ip with non-zero coefficient, then multE xi > r2/2 for 
xi := x[ + Y. {QhhM&N W {ri / 2+l) ci 2 hhxix l ix l l with some c hhh G C, and 

eventually we obtain the case (|Tv))fa') as in the case r 2 = r\ + 2. If x\ does 
not appear in ip, then by (jmj) ip is of form described in the statement (|Tv|) fb) 
up to constant. Set x\ := x[. The vector space V^ l \r 2 /2) is spanned by the 
function ip and the monomials 4 for I G A' r 2 1 ^(r2/2) with a relation 

x 4 ^ = in yW(r 2 /2). Since dim FN (r 2 /2) = #A^] 1] (r2/2) = #A r 2 [1] ( r 2/ 2 ) 
in Lemma |7.2( the function -0 does not vanish in V^ l \r 2 /2). This means 
that multE = r 2/2- Now we obtain the claim (jivjl (b) inductively, noticing 
the estimate d\mV(i) = #N^(i) in Lemma 17.21 and the equality #N^(i) = 
#N 2 {i) + #N 2 (i - r 2 /2) - #N 2 {i + 1 - r 2 /2) for % < (n + r 2 )/2 by direct 
calculation. q.e.d. 

We derive that P is of type cD/2 as an easy corollary. This completes 
Theorems ILlljujl . 

Corollary 7.4. P is of type cD/2. 

Proof. P is of type cAx/2 or cD/2 by Table |21 Suppose that P is of type 
cAx/2. Then thanks to [21], we have an identification 



P G X - o G (xi + x\ + g(x 2 ,x 3 ) = 0) C £ 4 X1X2X3X J-(1, 1, 1, 0) 



with 5 G (x 2 ,X3) 4 . multE X4 = 1 and multE Xj > a/2 for any i = 1,2, 3 by 
Lemma ■ Hence a = 2 and multE xi = 1 by the relation —x\ = x\ + g 
on X with multE (x^ + 5) > a. Then multE (x| + x|) = multE 5 > 4, which 
contradicts Lemma En© • q.e.d. 

In the rest of this section we prove Theorem 11.21 by applying Lemma 
16. 11 as in Section El and Section 6]. According to j2U Remark 23.1] 
by Mori, we can identify P G X with one of the following in the space 

(7.3) o G (&1 + X2X3X4 + x| Q + xjf + = 0), 

(7.4) o G (x\ + x|x 4 + Ax 2 X3 a_1 + #(x§, x 4 ) = 0), 
where a, /3 > 2, 7 > 3, A G C and g G (x|, x|x|, x|). Note that 

/ ? ^ n+r 2 < 1 7 in J73J), 

2 |ord5(0,x 4 ) in (tTH) . 

because a general elephant Sx is of type with A; > r% + r2 by the dual 
graph of fs in Theorem l4.3t|IH) . The crucial step is to obtain the expression 
of the germ P G X described in Theorem ll.2l 

Lemma 7.5. The germ P G X has the form described in either (jy) or 
(jnj) in Theorem 11.21 such that each mult e Xi coincides with the weight of Xj 
distributed in Theorem 11.21 
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Proof. First consider the case (|7.3|l . We prove that this case does not 
happen. By Lemma l7.3t|i|) . mult e X4 = 1 and mult^Xj > a/2 for any 
i = 1,2,3 with some mult^Xj = a/2, mult^xi > a/2 + 1 by the rela- 
tion —x\ = X2X3X4 + x 2 ." + x 2 ^ + x\ and (j7.5j) . Thus we may assume that 
rnult^; X3 = a/2 without loss of generality. We construct x%, x<i as in Lemma 

OH 

Set W(i) as the linear subspace of V{i) spanned by the monomials in X3 
and X4, as in the proof of Lemma |7.31 If x\ G" W(ri/2), then the triple 
(xi, X3, £4) plays the role of (x2,X3,X4) in Lemma IV. 31|iii|) . We construct £2 
as in Lemma l7.3l)iv|) and obtain the quartuple (£2, xi, X3, X4). Set x,\ := 
x \ + Pi(x3,X4) and £2 := ^2 + P2(x~i, £3, X4). Then (|7.3I) is rewritten as 

o G ((»i - pi) 2 + (x 2 - P2)x 3 x 4 + (x 2 - P2) 2a + xf + x} = 0). 

Hence there exists a relation x| + (something) = in V(ri), which contra- 
dicts Lemma f7.3l|iv(l . If x\ G W(ri/2), then the triple (X2, £3,2:4) satisfies 
the condition in Lemma l7.31|iii|) . We construct x\ as in Lemma l7.31|iv|) . and 
set X2 := X2 +^2(^3,^4) and x\ := x\ + pi(x2, £3, £4)- Note that the mono- 
mials X2, £3 do not appear in p\ by mult^ari > a/2 + 1 and the assumption 
x,\ G W(ri/2). Then ()7.3|) is rewritten as 

O G ((£1 - pi) 2 + (x 2 - P2)X3X 4 + (x 2 ~ P2) 2a + X3 + x[ = 0). 

Hence there exists a relation X2X3X4 + (something) = in V{{r\ + a + 2)/2). 
Thus by Lemma r7.3Hiv|) . the case (b) in Lemma f7.3Hiv() holds and this relation 
must equal (X3 + (something))^ = 0. Then there exists a relation x^tp + 
(something) = in V((r 1 + a + 4)/2), whence (n + a + 4)/2 > (r 1 + r 2 )/2 
by Lemma l7,3l|iv|) (b) . This inequality contradicts that a < r\ = r2 — 4. 

We then consider the case (j7.4|) . As in the case (|7.3|) , we have mult e X4 = 
1 andmult^xi > a/2+1. Considering the relation — Xr,X4 = x'l+Xx2X 2a ~ 1 + 
g, we also have mult£X2 > a/2 + 1. Thus mult^ X3 = a/2 by Lemma l?~3"l|H) . 
Construct xi,X2 and W(i) as in the case (|7.3|l . The case xi W(ri/2) does 
not happen by the same reason as in the case (|7.3j) . whence xi G W{r\/2). 
Construct x\, and set X2 := X2 +P2(x3,X4) and x\ := x\ + pi(x2, X3, X4) in 
the same way. The monomials x 2 , X3 do not appear in p\. Then (|7.4|) is 
rewritten as 

(7.6) o G ((xi - Pl ) 2 + (x 2 - p 2 ) 2 x 4 + A(x 2 - P2)x\ a - 1 + g(xl x 4 ) = 0). 

If r 2 = r\ + 2, then Lemma l7,31|ivj) fa) holds and the defining function in 
(|7.6|) must consist of the monomials x^x^XgX^ 4 for I G Ui>(n+r 2 )/2 ^2(1)- 
In particular P2 = 0. p\ is a function of X3, X4 by x\ G iy(ri/2). Hence (|7,6j) 
is written as in the case (0) of Theorem ll.2l The weighted homogeneous part 
of 4> of weight (ri + r2)/2 has multiplicity > (r\ + r2)/2 along E, whence it 
is irreducible by Lemma l7.3Hivl) fa) . If r2 = r\ + 4, then either (a) or (b) in 
Lemma l7.3l|ivp holds. Since there exists a relation x\x 4 + (something) = 
in V(r\ + 1) by ()7.6|) . the case (a) does not happen and in the case (b) this 
relation must equal (X2 + (something))^ = 0. Note that p\ is a function of 
X3,X4 in the case (b). By replacing X3 with its scalar multiple, we can set 
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ifi = X2X4 + x^ 1+ '' a + q(x^,Xi)x3X4. Then (|7.6|) is rewritten as 

o G (x\ — 2x\p\ + (x 2 - 2p 2 - qx 3 )ip 

+ x 2 {Xxl a - 1 - xp +2),a )+g{xlx,) = 0). 

By this expression, Lemma l7.3l)iv|l (b) implies that the weighted orders of 

pi, 2p2 + qxs, Axg" -1 — x^ 1 a , g with weights wt(x3,X4) = (a/2, 1) are 
respectively > r±/2+l, > ri/2, > r%/2, > {r\+r2)/2. Hence pi = p 2 = and 
Axg 0-1 = x^ 1 . Replacing the coordinate X2 with X2 — 0x3 and setting 
x 5 '■= ~ ip } we obtain the expression of P € X in Theorem II .2t|nl) . q.e.d. 

It is the time to complete Theorem 11.21 By Lemma 17.51 we have the 
description of the germ P G X in either (jy) or (jnj) in Theorem 11.21 We 
take this description and apply Lemma 16.11 Of course we need to extend 
Lemma 16.11 in treating the case (juj) of Theorem 11.21 where P G X is given 
by a cyclic quotient of a complete intersection three- fold in C 5 , but this 
extension is straightforward. We let g: (Z D F) — ► (X 9 P) denote the 
weighted blow-up with weights wtxj = mult^x,, induced from 5: (Z D 
F) -> (X := C| lJBaa . sa . 4 /|(l, 1,1,0) 9 P) in the case of Theorem OQ) , 
and from g: (Z D F) ^ (X := C^^/^l, 1, 1, 0, 1) 9 P) in the 
case of Theorem ll.2ljiijl . By direct calculation as in the paragraph before 
Theorem 16. 5| we verify the assumption of Lemma 16.11 and the implication 
SingZ C U^Di. Therefore by Lemma 16.11 we obtain that / coincides with 
g over X. This completes Theorem 11.21 



Erratum to the previous paper 

We correct the omission of the case (JHl of Theorem 14.31 and two minor 
gaps in the study of the Gorenstein case in the previous paper |14j . by 
the methods used in this paper. First we state the additional case in the 
classification. 

Addendum. Let f : (Y D E) — > (X 3 P) be a germ of a three-fold divisorial 
contraction whose exceptional divisor E contracts to a Gorenstein point P of 
type cD. Then f can be of type IIb vw in |141 Theorem 1.4] described below, 
in addition to the cases stated in |141 Theorem 1.8, Corollary 1.15]. 

(i) / belongs to the case (a) in Theorem I4.3t|n|) . There exists a suitable 
identification of P G X with 

o G ((f) := x\ + xiq(x 3 , 24) + x\xi + Xx2x\ + /XX3 + p{x 2 , x 3 , x 4 ) = 0) 

in the space C^. lX2X3X4 with p G (x<2, X3, X4) 4 , such that f is the 
weighted blow-up with weights wt(xi, X2, X3, 2:4) = (r + l,r, a, 1) 
which satisfies the following conditions. 

(a) a \ 2r + 1 with a ^ 1, 2r + 1. 

(b) /ios weighted order 2r + 1 £/te weights distributed above. 
Its weighted homogeneous part of weight 2r + 1 is irreducible. 
In fact x\q has weighted order 2r + 1 unless q = 0. 
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(ii) / belongs to the case (b) in Theorem I4.3t|ii]) . There exists a suitable 
identification of P € X with 

( := xj + x 2 x 5 + p(x 2 ,x 3 ,X4,) = \ 

° G U 2 := ^ + 4 +1)/a + g(* Sl X4)x 4 + x 5 = J 

m i/ie space Cjj ,,. 2a . j^.,. ioii/i p € (x2,X3,X4) 4 ; swc/t i/iai / is the 
weighted blow-up with weights wt(xi, X2, X3, X4, X5) = (r+1, r, a, 1, r+ 
2) which satisfies the following conditions. 

(a) a j r + 1 a/l,r+l. 

(b) <f>\ has weighted order 2r + 2 with the weights distributed above. 
Similarly 0x4 has weighted order r + 1 unless q = 0. 

There exist examples of this addendum. 

Example. (i) Let P £ X be the germ 

o G (xf + X2X4 + X3 + ^ + x 2 ^ 1 = 0) C ^1x2x3x4,' 

where a | 2r + 1 with o ^ l,2r + 1. P is of type cD. Let / 
be the weighted blow-up of X with weights wt(xi, x 2 , X3, X4) = 
(r + l,r, a, 1). Then / is a divisorial contraction with discrepancy 
a. f is of type IIb vv with J = {(r, 1), (r + 1, 1)}. 
(ii) Let P € X be the germ 

/ xf + x 2 x 5 + xf + 2 = \ 4 
° fc ^ X2XA + ^(H-l)/- + X5 = o y C ^la.wa^e. 

where a | r + 1 with a / l,r + l. P is of type cD. Let / be the 
weighted blow-up of X with weights wt(xi, x 2 , X3, X4, X5) = (r + 
1, r, a, 1, r + 2). Then / is a divisorial contraction with discrepancy 
a. f is of type IIb vv with J = {(r, 1), (r + 2, 1)}. 

The omission is due to an error in the proof of 14, Lemma 3.14]. The triple 
(x, y, z) = (1, 0, 2) also satisfies the equality (x — 1 + y)jr\ = (x + 1 — z)/r 2 
appearing in the proof, and the addendum is derived from this case. We 
first deduce Theorem I4,3t|n)) . and then obtain the description of / by using 
Theorem OHnl) . 

Theorem l4.3l|ii)) in this case is proved in the same fashion as Theorem l4.19l 

However we need to obtain the general elephant theorem in the course of the 
proof, because Theorem l4. 14l does not hold in the Gorenstein case. The proof 
is modified as follows. We first see the statement on Q\ in Step-in Theorem 
14.191 from which Step |3] in Theorem 14. 191 is deduced. We then see that H$ 
is smooth at Q 2 . This is the case unless V = P 1 with a = 2 or (r 2 + l)/2 
by (H ■ V)q 2 = 2/r 2 . If a = 2 with V = P , then there exist new semi- 
invariant coordinates xi,X2,X3 at Q 2 with (xi, x 2 , x^)\y\ = {t 2 / r2 , t 1-2 / 1 " 2 , 0), 
whence H$ is smooth at Q 2 by (H ■ V)q 2 = 2/r 2 . If a = (r 2 + l)/2, then 
(a,n,r 2 ) = (3,4,5) and [H n E] = 3[C] by StepEl Efl is not smooth at Q\ 
by (X21, X22, ^23) let = (Ojt 1 ^ 2 ^) and C C E, whence H$ is smooth at Q 2 
by (H ■ E ■ [x 22 = 0])q 2 = 3/5. Thus is smooth at Q 2 , and Step H in 
Theorem 14.191 is deduced. This implies Step ^ in Theorem 14.191 We also 
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obtain the general elephant theorem since |— Ky\ is free outside C. Hence 
Theorem I4.3t|n|) in this case is proved. 

Sx has a Du Val singularity of type D at P, whence P is cA or cD. The 
classification in the cA case in |141 Section 6] works even if this extra case 
is taken into account, because we do not need the result of Section 5] 
in the argument before |14| Lemma 6.6] whenever a < 77. Hence we obtain 
that P is cD in the case (juj) of Theorem 14.31 Now Addendum is proved 
in the same way as in Section First obtain the identification of P G X 
with o G ((xi — pi(x3, X4)) 2 + <?(x 2 , X3, X4) = 0) with g G (x 2 ,X3,X4) 3 and 
multe x±, multg; x 2 > 77, mult^ X3 = a, mults X4 = 1. The pivotal remark is 
that g contains one of the monomials x\x^ £2X324, x\x^ x 2 x|, x%x\, x\ since 
Sx has a Du Val singularity of type D at P. Then the rest of the proof is 
similar. 

Below we fill two minor gaps in |14j . Firstly we correct the proof of C2 = 1 
in |14| Lemma 3.11(i)]. Its proof implies only that 002 = ac2- Suppose that 
C2 > 2. By the argument in Step El in Lemma 14.121 we obtain that a = 2, 
77 = 3 and r 2 is an odd integer > 3c2 . We then compute the length of the 
cokernel of the map [H (2.7)] at Q 2 . This is c 2 + min{0, (r 2 + l)/2 - 2c 2 } 
for C2 < T2/3, and is bounded by two by Lemma 2.10]. Hence C2 = 
2. By (H ■ C) = 1/3 - 2/r 2 and (JET • H ■ E) = (1/3 + l/r 2 )/2, we have 
[H n E] = a[C] + f3[C] with (r 2 , a, 0) = (7, 5, 0), (7, 2, 1), (9, 2, 0), (9, 1, 1) 
or (15,1,0), where C = P 1 is a curve intersecting C at Q2- H* is not 
smooth at Q\ by x\ 2 , ^13) )c?t = (^^,0,0) and C C H, whence a / 1. 
If (r 2 ,a,/3) = (7,2,1) then (x 21) x 22 , x 23 )|ct = (0, t 2/7 , t 3/7 ) and C' ] is given 
by x'21-axis for new coordinates x'21, x'22, ^'23- For a suitable surface T on 
Q2 G y given by X21 — cx 23 = with c G C, T intersects C, C properly 
with (T ■ H ■ E)q 2 = (T • 2C + C')q 2 = 8/7. This contradicts that F«, 
at Q 2 have multiplicities > 3 by C, C" C -ff, -E. Hence (r 2 ,a,/3) = (7,5,0) 
or (9,2,0). We obtain the coordinates Xji,Xj2,Xj3 of Q\ G y tf such that 
Q\ G E$ is given by xi 2 = and Q\ G H$ is given by x 2 i = 0. Take a 
general elephant S. By |14l Lemma 3.4] we have [S n -E] = 7[C] + [Dg] with 
(r-2,7,5) = (7,3,1), (7,4,2), (7,1,2), (9,1,1) or (9,1,2), where Dg is a union 
of P 1 intersecting C at Qg. We can remove the cases (r 2 , 7, 5) = (7, 1, 2) and 
(9, 1, 2) using a surface T on Q2 G Y given by X21 — cx 2 2X23 = with c G C. 
If 5 = 1 then £>i = P 1 , (H-D 1 ) Ql = 1/3 and D x % H. This contradicts that 
is not smooth at Q\. Since S is a general element of |2iT|, the defining 
function of 5" at Q 2 contains the monomial x|i with non-zero coefficient. 
In the case (r 2 ,7, 8) = (7,4,2), this expression contradicts that C, D C S. 

Secondly the smoothness of E at the generic point of C is indispensable 
in the argument after the equation (3.6) in |14| Theorem 3.15]. Set [S D 
E] = x[C] + [D] as in the proof. We can express E$ on Q\ G Y" as x 2 3 • 
(something) + xf 1 y = 0, where y is the semi-invariant function with weight 
— 1 for which is defined by x 2 3 = y = 0. In particular we have r 2 | x 
by considering weights. Then T2 = r% + 1 by (3.6) in j!41 Theorem 3.15], 
a < n < r 2 and [if n 5] = [C] + [5] with (E ■ B) Ql = 2/n. Thus E» at Q S X 
is smooth unless a = 77 — 2 or (77 — l)/2. If a = ri — 2 or (ri — l)/2 then 
by a I 77 + r2 eventually (ri,r 2 ) = (7,8) and (a,u) = (5,3) or (3,5) with 
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[H n E] = u[C]. Hence E* at Q\ is smooth by (H ■ E ■ [x u = 0]) Ql = u/7, 
and thus E is smooth at the generic point of C. 
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